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Abstract 

A rigorous description of the equilibrium thermodynamic properties of 
an infinite system of interacting i/- dimensional quantum anharmonic oscil- 
lators is given. The oscillators are indexed by the elements of a countable 
set L C R , possibly irregular; the anharmonic potentials vary from site 
to site. The description is based on the representation of the Gibbs states 
in terms of path measures - the so called Euclidean Gibbs measures. It 
is proven that: (a) the set of such measures £/' is non-void and compact; 
(b) every fj, £ obeys an exponential integrability estimate, the same 
for the whole set C/*; (c) every /i £ 0' has a Lebowitz-Presutti type sup- 
port; (d) 5* is a singleton at high temperatures. In the case of attractive 
interaction and v — 1 we prove that > 1 at low temperatures. The 
uniqueness of Gibbs measures due to quantum effects and at a nonzero 
external field are also proven in this case. Thereby, a qualitative theory of 
phase transitions and quantum effects, which interprets most important 
experimental data known for the corresponding physical objects, is devel- 
oped. The mathematical result of the paper is a complete description of 
the set 5*, which refines and extends the results known for models of this 
type. 

1 Introduction 

The quantum anharmonic oscillator is a mathematical model of a localized quan- 
tum particle moving in a potential field with possibly multiple minima. Infinite 
systems of interacting quantum anharmonic oscillators possess interesting prop- 
erties connected with the possibility of ordering caused by the interaction as well 
as with quantum stabilization competing the ordering. Most of the systems of 
this kind are related with solids, such as ionic crystals containing localized light 
particles oscillating in the field created by heavy ionic complexes, or quantum 
crystals consisting entirely of such particles. For instance, a potential field with 
multiple minima is seen by a helium atom located at the center of the crystal 
cell in bcc helium The same situation exists in other quantum crystals. 

He, H2 and to some extent Ne. An example of the ionic crystal with localized 
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quantum particles moving in a double-well potential field is a KDP-type ferro- 
electric with hydrogen bounds, in which such particles are protons or deuterons 
performing one-dimensional oscillations along the bounds. In this case the par- 
ticle carries electric charge and its displacement produces dipole moment that 
should be reflected in the choice of the interparticle interaction. It is believed 
that structural phase transitions in such ferroelectrics are triggered by the or- 
dering of protons |^ 1^ ES] . Another relevant physical object of this kind 
is a system of light atoms, like Li, doped into ionic crystals, like KCl. The par- 
ticles in this system are not necessarily regularly distributed. At last, quantum 
anharmonic oscillators are used as parts of the models describing interaction of 
vibrating quantum particles with a radiation (photon) field |4l)[ I68| or strong 
electron-electron correlations caused by the interaction of electrons with vibrat- 
ing ions responsible for such phenomena as superconductivity, charge density 
waves, etc, see \^^2\ \'^'^\ . Thus, infinite systems of interacting quantum anhar- 
monic oscillators are quite important models and their rigorous description is 
still a challenging mathematical task. 

The model we consider has the following heuristic Hamiltonian 



in which the interaction term is of dipole-dipole type. The sums run through 
a countable set L C R'', the displacement qi is a ^'-dimensional vector. By 
(•,•) and I • I we denote the Euclidean scalar product and norm in R''. The 
Hamiltonian 



describes an isolated anharmonic oscillator of mass m and momentum pe. Its 
part Hf'^'^ corresponds to a j/-dimensional quantum harmonic oscillator of rigid- 
ity a. The anharmonic potentials Vi, which may vary from site to site, are sup- 
posed to obey certain uniform bounds responsible for the stability of the whole 
system. We do not assume that the interaction possesses special properties like 
translation invariance or has finite range. Therefore, our model describes also 
systems with long-range interactions and with spacial irregularities, e.g. caused 
by impurities, or random components. 

A complete description of the equilibrium thermodynamic properties of infinite- 
particle systems may be made by constructing their Gibbs states. Usually, Gibbs 
states of quantum models are defined as positive normalized functionals on al- 
gebras of observables, satisfying the Kubo-Martin-Schwinger (KMS) condition, 
see ■ This condition is formulated in terms of the limits A /* L of the unitary 
operators exp{itH\), t e R, which determine the dynamics of the subsystem 
located in a finite A C L and described by the Hamiltonian H\. But for our 
model, such a limit of exp(itiJA) does not exist and therefore the KMS con- 
dition for the whole system cannot be formulated. Thus, actually there is no 
canonical way to define Gibbs states, and hence to give a complete description 
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of the thermodynamic properties of models hke . The aim of this work is 
to bridge this gap with the help of path integrals. 

In an approach based on the fact that the local Hamiltonians i?A generate 
stochastic processes has been initiated. Here the description of the local Gibbs 
states employs the properties of the semi-group exp{—TH\), r > 0. This allows 
one to translate it into a "probabilistic language" , that opens the possibility 
to apply here corresponding concepts and techniques. In this language, our 
model is the system of interacting "classical" spins cug, £ Gli, which however are 
infinite-dimensional - they are continuous paths uje : [0, /?] R'^, ^^(O) = uJe{P), 
called also temperature loops. Each spin is described by the path measure of the 
/3-periodic Ornstein-Uhlenbeck process corresponding to Hf'^'^ multiplied by a 
density obtained from the anharmonic potential with the help of the Feynman- 
Kac formula. Afterwards, finite subsystems are associated with conditional 
probability measures, which by the Dobrushin-Lanford-Ruelle (DLR) equation 
determine the set of Gibbs measures ■ This approach is called Euclidean due 
to its conceptual analogy with the Euclidean quantum field theory. Its further 
development was conducted in the papers piOlHISllSirTl lTTinilinilTllTCl 
mmnilSniEllEllESlESlllZl. Among the achievements one has to mention the 
settlement in El of a long standing problem of the influence of quantum 
effects on structural phase transitions in quantum anharmonic crystals, which 
first was discussed in [23 , see also [HII EEl EH ■ 

In the present article, we give a complete description of the set for the 
model and hence essentially finalize the development of the Euclidean 

approach for such models. Our results fall into two groups of theorems. The 
first group describes the general case where Ju' and Vi obey natural stability 
conditions only. We state that: C/' is non-void and compact fTheorem 
the elements of f/' obey certain exponential moment estimates (Theorem I3.2|l 
and have a Lebowitz-Presutti type support fTheorem 13.3(1 : t/* is a singleton at 
high temperatures fTheorem l3.4() . The second group of theorems describes the 
case oi V ~ 1 and Juj > 0. Here we employ the FKG order and show that 
the set G^ has maximal and minimal elements (Theorem I3.8|l . If the model 
is translation invariant, we prove that the limiting pressure exists and is the 
same in all states fTheorem l3.1U|l . Then under natural additional conditions on 
Vi we show (Theorem I3.12|) that the model undergoes a phase transition (for 
d > 3) and, on the other hand, G^ is a singleton at all temperatures if a quantum 
stabilization condition is satisfied (Theorem l3.13|l . Finally, we describe a class of 
anharmonic potentials Vi, for which C/' is a singleton at a non-zero external field 
(Theorem I3.14f) . Here we use a version of the Lee- Yang theorem [S2], adapted 
to path measures. All these results are novel both for the quantum model and 
its classical analogs. 

The paper is organized as follows. In section |21 we describe the model in 
detail (subsection l2.1|l and present the basic elements of the Euclidean approach 
(subsections 12 . 21 and 12 . 3|l . Afterwards, we introduce tempered configurations, a 
local Gibbs specification, and tempered Euclidean Gibbs measures of our model. 
In section Owe give the results in the form of the theorems discussed above. 
Comments, which in particular relate these results with those known in the 
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literature, conclude the section. The remaining part of the article is dedicated 
to the proof of the theorems and is quite technical. Here we first study in detail 
the properties of the local Gibbs specification. 



2 Euclidean Gibbs Measures 
2.1 The model 

The infinite system of quantum oscillators we consider is described by the formal 
Hamiltonian ULlfl . I|1.2|l . defined on the set L C R"*, d G N. This set is equipped 
with the Euclidean distance \i — £'\ inherited from R''. We suppose that 

sup VI— < oo, (2.1) 

for every e > 0. This is a kind of regularity, which in particular means that 
big amounts of the elements of L cannot concentrate in the subsets of R'^ of 
small volume. A regular case of L is a lattice. In this case the model is called 
the quantum anharmonic crystal. For simplicity, we shall always assume that 
L = Z'' if L is a lattice. 

Subsets of L are denoted by A. As usual, |A| stands for the cardinality 
of A and A'^ - for its complement L \ A. We write A (g L if A is non-void 
and finite. By C we denote a cofinal (ordered by inclusion and exhausting the 
lattice) sequence of finite subsets of L. Limits taken along such £ are denoted 
by lim£. We write limAyL if the limit is taken along an unspecified sequence 
of this type. If we say that something holds for all £, we mean that it holds 
for all £ G L; expressions like J2e incan J2e<£L- ^y (•, •) and | • |, we denote the 
Euclidean scalar product and norm in all spaces like R'', R'*; Nq will denote 
the set of nonncgativc integers. 

The Hamiltonian (|l.l(l has no direct mathematical meaning and is "repre- 
sented" by the local Hamiltonians Ha, A (e L, which are 



= 5][i/;^^' + l^.(g£)] ^ J«'(*,gi') (2.2) 
;r-y]lbd^ + W^A(gA), qA^{qe)eGA- 

feA 



In the latter formula the first term is the kinetic energy; the potential energy is 

W^A(gA) = -^ ^«'fe,9r)+^[(a/2)|<z,|'-t-y^(g£)]. (2.3) 

£/'eA £eA 

The anharmonic potentials Yi and the interaction intensities Jui , such that 



J« = 0, Ja- ^J^^eR, £,£'eL, 



(2.4) 
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are subject to the following 

Assumption (A) All : R"^ R are continuous and such that Ve{0) = 0; 
there exist r > 1, Ay > 0, By £ R, and a continuous function V : Ti" R, 
y(0) = 0, such that for aU ^ and a; g R'^, 

Ay\x\'^'' + By <Vi{x) <V{x). (2.5) 

We also assume that 

Jo = sup^^ I J«'| < oo. (2.6) 

^ £' 

The lower bound in H2.5I) is responsible for confining each particle in the vicinity 
of its equilibrium position. The upper bound is to guarantee that the oscillations 
of the particles located far from the origin are not suppressed. An example of 
Vi to bear in mind is the polynomial 

r 

Ve{x) = 1^1'' - ^ > 0' ^ ^ 2, (2.7) 

s=l 

(s) 

in which h G R'' is an external field and the coefficients b\ vary in certain 
intervals, such that both estimates H2.5(l hold. Under Assumption (A) H\ is a 
self-adjoint lower bounded operator in L^(R''I'^I) having discrete spectrum. It 
generates a positivity preserving semigroup such that 

trace [exp(-TiJA)] < oo, for all t > 0. (2.8) 

A part of our results describe the general case where the only conditions are 
those set by H2.5II and H2.6|l . Another part corresponds to more specific cases. 

Definition 2.1 The model is ferroelectric^ if Ju' > for all £,£'. The in- 
teraction has finite range if there exists R > such that Jw — whenever 
\£ — £'\ > R. The model is translation invariant if li is a lattice, Vi = V for all 
£, and the matrix (J«')lxl is invariant under translations o/L. The model is 
rotation invariant if for every orthogonal transformation U G 0(1^) and every i, 
Vi{Ux)^Vi{x). 

If = for all £, one gets a system of interacting quantum harmonic oscillators, 
a quantum harmonic crystal if L is a lattice. It is stable if Jq < a, see Remark 
13. 51 below. 

2.2 Quantum Gibbs states in the Euclidean approach 

Here we outline the basic elements of the Euclidean approach in quantum sta- 
tistical mechanics, its detailed presentation may be found in 01|7|. 

^Usually such a model is called ferromagnetic; we adopt the above terminology in view of 
the ferroelectric interpretation mentioned in Introduction. 
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For A (s L, the Hamiltonian H\, defined by (|2.2|) . acts in the physical Hilbert 

space view of H2.8(l . one can introduce the local Gibbs 

state 

^ A dcf trace(Ae-^^'^) 

€A3A^gAiA) = , (2.9) 

which is a positive normalized functional on the algebra £a of all bounded linear 
operators (observables) on Ha- The mappings 

€a3A^ of (A) =^ e'*^^^e-**^^, t e R, (2.10) 

constitute the group of time automorphisms which describes the dynamics of 
the system in A. The state qa satisfies the KMS (thermal equilibrium) condition 
relative to the dynamics af, see Definition 1.1 in 44 . Multiplication operators 
by bounded continuous functions act as 

{Fi;){x)=F{x)-ij{x), Ve^A, e Cb(R''l^'). 

One can prove, see |55| . that the linear span of the products 

af^(Fi)...at(^^„), (2.11) 

with all possible choices of n € N, ^i, . . . , i„ e R and Fi, . . . , F„ g Cb(R''''^'), 
is (T- weakly dense in £a- Therefore, as a cr- weakly continuous functional (page 
65 of the first volume of ISl)? the state (|2.9|) is fully determined by its values 
on (|2.11|l . that is, by the Green functions 

G^F,_Fjtu...,t^) = gAK,(Fi)...at(F„)] . (2.12) 

They can be considered as restrictions of functions Gp p (zi, . . . , z„), analytic 
in the domain 

V^p = {(zi, . . . z„) e C" I < 3(zi) < 3(z2) < • • • < 3(z„) < /?}, (2.13) 

and continuous on its closure C C". Foe every n e N, the "imaginary time" 
subset 

{(zi, . . . , z„) e I 5ft(zi) = • • • = 3fi(z„) = 0} 

is an inner set of uniqueness for functions analytic in (see pages 101 and 352 
of [77] )■ Therefore, the Green functions H2.12|) . and hence the states (|2.9f) . are 
completely determined by the Matsuhara Junctions 

^A.....fJ^i'---'^n) G^i,...F„(m,...,«r„) (2.14) 
= trace[Fie-(^^-^i)^'^F2e-(^^-^=)^^ • • • F„e-(^"+i-^")^^]/trace[e-''^^] 

dcf 

taken at ordered arguments < ti < • • • < t„ < ti+/3 = r„+i, with all possible 
choices of n e N and i^i, . . . , F„ e Cb(R'''^'). Their extensions to [0, are 

rFi,...,F„i'''l^ ■ ■ - ^Tn) = Lp^^^^ p^^^^ ■ ■ ■ :'''cr(n))i 
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where a is the permutation of {1,2,..., n} such that t^(i) < '''a(2) < • • • < T^(n) ■ 
One can show that for every 6* € [0, /?], 

^A.....F„(n +e,...,Tr,+9) = r^.^pAri, . . . ,T„), (2.15) 

where addition is modulo /3. This periodicity along with the analyticity of the 
Green functions is equivalent to the KMS property of the state (|2.9ll . 

The central element of the Euclidean approach is the representation of the 
Matsubara functions (|2.14|) corresponding to Fi, . . . , F„ e Cb(R'^''^') in the form 
of 

F„(n,...,T„) = / Fl{u;AiTl))...Fn{LJA{T„))fiA{duJA), (2.16) 

where fiA is a certain probability measure on the space Oa, which we con- 
struct in the subsequent part of this section. This measure is called a local 
Euclidean Gibbs measure. By standard arguments, it is uniquely determined by 
the integrals H2.1()|) . In view of the fact that the Matsubara functions Fp p 
uniquely determine the state qa, the representation H2.16|l establishes a one- 
to-one correspondence between the local Gibbs states qa and local Euclidean 
Gibbs measures ^a- 

Thermodynamic properties of the model (|l.l|l are described by the Gibbs 
states corresponding to the whole set L. Such states should be defined on the 
C*-algebra of quasi-local observables £, being the norm-completion of the alge- 
bra of local observables Ua(=l£a- Here each £a is considered as a subalgebra of 
£a' for any A' containing A. The dynamics of the whole system is to be defined 
by the limits A /* L of the time automorphisms (|2.10|) . which would allow one 
to define the Gibbs states on £ as KMS states. This "algebraic" way can be 
realized for models described by bounded local Hamiltonians Ha, e.g., quantum 
spin models, see section 6.2 of For the model considered here, such limiting 
automorphisms do not exist and hence there is no canonical way to define Gibbs 
states of the whole infinite system. Therefore, the Euclidean approach based 
on the one-to-one correspondence between the local states and measures arising 
from the representation (|2.16(l seems to be the only way of developing a math- 
ematical theory of the equilibrium thermodynamic properties of such models. 
For some versions of quantum crystals, a possibility of constructing the limiting 
states Q = limA/L Qk in terms of the limiting path measures ii = limA/'L MA 
was discussed in |S7] . The set of Euclidean Gibbs measures 5* we con- 

struct and study in this article certainly includes all the limiting points of this 
type. Furthermore, there exist axiomatic methods, see [211123, analogous to the 
Osterwalder-Schrader reconstruction theory |23 EO! j by means of which KMS 
states are constructed on certain von Neumann algebras from a complete set of 
Matsubara functions. In our case such a set consists of the functions 

F^^ pJti,...,t„)= f Fi{Lo{Ti))---FrMrn))Kdio), f^eg\ (2.17) 

defined for all bounded local multiplication operators Fi, . . . , Fn- Therefore, 
the theory of Euclidean Gibbs measures presented in this article can be further 
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developed towards constructing such algebras and states, which we leave as a 
task for the future. 

2.3 Path spaces and local Euclidean Gibbs measures 

The local Euclidean Gibbs measures are defined on the spaces of continuous 
paths. These are continuous functions defined on the interval [0, taking equal 
values at the endpoints (temperature loops). Here = T > is absolute 
temperature. One can consider the loops as functions on the circle Sp = [0, /3] 
being a compact Riemannian manifold with Lebesgue measure dr and distance 

|r - T'y "^^^ min{|r - r'| ; /3 - |t - r'|}, r, r' E Sp. (2.18) 
As single-spin spaces we use the standard Banach spaces 

Cp CiSp C^0 C'^iSp ^ R''), a e (0, 1), 

of all continuous and Holder-continuous functions lu£ : Sfj ^ IV^ respectively, 
which are equipped with the supremum norm [ti'flc^ a-nd with the Holder norm 

l-.lc,^ = k.b + sup (2.19) 

Along with them we use the real Hilbert space L| — L?{Sf} R'', dr); its inner 
product and norm are denoted by ('iOlI ^^'^ I ' Il| respectively. By B^Cfj), 
B{L'^) we denote the corresponding Borel cr-algebras. Then one defines dense 
continuous embeddings ^ Cp ^ L'^, that by the Kuratowski theorem, page 
499 of ISni, yields 

C/5 e BiL}) and BiCp) = S(L^) n Cfs. (2.20) 

The space of Holder-continuous functions is not separable, however, as a 
subset of Cp or L^, it is measurable (page 278 of [71]). Given A C L, we set 

= = ii^e)ieA I ^« e Cp}, f2 = n-L = {uj ^ iuJi)ee-L \ e Cp}. 

(2.21) 

These spaces are equipped with the product topology and with the Borel cr- 
algebras B{Qs). Thereby, each /2a is a Polish space; its elements are called 
configurations in A. In particular, Q is the configuration space for the whole 
system. For A C A', the decomposition ujf^i — ujaX u!\'\a defines an embedding 
Oa ^ f^A' by identifying uja S with uja x Oa/\a G i?A'- By ^(J^a) and ^(J?) 
we denote the sets of all probability measures on (/2a, ^(^a)) and {il,B{Sl)) 
respectively. 

A i^-dimensional quantum harmonic oscillator of mass m > and rigidity 
a > is described by the Hamiltonian, c.f., 1)1.2(1 . 
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acting in the complex Hilbert space (R-'') • The operator semigroup exp(— ri?^'*'') , 
T G [0, f3] , defines a Gaussian /3-periodic Markov process - the periodic Ornstein- 
Uhlenbeck velocity process, see 0^1 ■ In quantum statistical mechanics it first 
appeared in R. H0cgh-Krohn's paper The canonical realization of this pro- 
cess on {Ci3,B{Cf3)) is described by the path measure which one introduces as 
--2 

"/3 



follows. In La we define the self-adjoint (Laplace-Beltrami type) operator 



2 



A= (^-m-^ + aj (2.23) 

where I is the identity operator in R"^ . Its spectrum consists of the eigenvalues 
\k=m{2Trk/(3 f + a, k e Z. (2.24) 
Thus, the inverse A~^ is of trace class and the Fourier transform 

y^^expK0,u)i2]x(du) = exp|-i(A-V»L||, e . (2.25) 

defines a Gaussian measure x on (L|, B{L^)). Employing the eigenvalues H2.24|l 
one can show (by Kolmogorov's lemma, page 43 of [HOI) that 

X{C^)^1, for aUcie (0,1/2). (2.26) 

Then x(C'/3) = 1 ^^^d by H2.2()(l we redefine x as a probability measure on 
{Cp,B{Cp)). An account of the properties of x "lay be found in 0]. One 
of them, which plays a special role in our construction, follows directly from 
Fernique's theorem (Theorem 1.3.24 in 26 ). 

Proposition 2.2 For every a G (0, 1/2), there exists > such that 

exp(A„|i;|2,.)x(di;) <oo. (2.27) 

The measure x is the local Euclidean Gibbs measure for a single harmonic 
oscillator. The measure G T-'{^a) which corresponds to the system of inter- 
acting anharmonic oscillators located in A ^ L is associated with a stationary 
/3-periodic Markov process defined as follows. The marginal distributions of /za 
are given by the integral kernels of the operators exp(— tTJa), G [0,/3]. This 
means that 

trace[i^ie-("'^-^i)^'^F2e"(^^"^^)^'^ • • • F„e~(^"+i"^")^'^]/trace[e-'^'^2j28) 
Fi[ujjy{Ti) ■ ■ •-F„(a;A(T„))/iA(dwA), 

for all Fi, . . . , Fn G i°°(R''l^l), n G N and n, . . . , r„ G 5/3, such that n < • • • < 
T„ < /3, Tn+i = Ti + (3. And vice verse, the representation (|2.28() uniquely, up 
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to equivalence, defines H\ (see 03]). By means of the Feynman-Kac formula 
the measure /ia is obtained as a Gibbs modification 

^A(dwA) = exp{-/A(wA)}XA(dwA)/-^A, (2.29) 
of the "free measure" 

XA{dujA) = l[xidLOi). (2.30) 

£eA 

Here 

/a(wa)=-2 X! -^"'('^^'^^Oig + ^ / V£(w£(T))dT (2.31) 
1,1' gA leA''^ 

is the energy functional describing the system of interacting paths uji, £ G A, 
whereas 

Za = [ cxp{-/A(a;A)}XA(dcJA), (2.32) 

is the partition function. As mentioned above, fi\ is the local Gibbs measure, 
where local means corresponding to a A (s L. 



2.4 Tempered configurations 

The next step is to construct the equilibrium states of the whole infinite system 
1)1. l|l . which we are going to do in the DLR approach, which is standard for 
classical (non-quantum) statistical mechanics, see |36l I73| . In this approach, 
the Gibbs measures are constructed by means of local conditional distributions. 
In our case the single-spin spaces, C^, Cp, are infinite-dimensional and hence 
their topological properties are much richer, which makes the DLR technique 
we develop here to be more sophisticated. 

To go further we have to define functions on the spaces /2a with infinite A, 
including J? itself. Among others, we will need the energy functional /a('|C) 
describing the interaction with a configuration ^ G J? fixed outside of A. In 
accordance with ()2.2|l it is 

lA{i^\0 = IaI^^a) - ^ J«'(w£,^£/)i2 , ujen, (2.33) 
eeA, e'GA" 

where I a is defined by H2.31|l . Recall that u! = llJ\ x loa"] hence, 

/A(w|e) - /a('^a X OAe|GA X U^). (2.34) 

Clearly, the second term in (|2.33|) makes sense for all ^ G only if the interaction 
has finite range. Otherwise, one has to restrict ^ to a subset of J?, naturally 
defined by the condition 

V£eL: ^iJ.rl-Kcc'^e^OLlI <oo, (2.35) 
I' 
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that can be rewritten in terms of growth restrictions imposed on {l^^li^j^gL, 
determined by the decay of Jw (c.f., H2.6(l '). Configurations obeying such re- 
strictions are called tempered. In one or another way tempered configurations 
always appear in the theory of system of unbounded spins, see |17l I24[|^I69| . 
To impose the restrictions we use special mappings, which define the scale of 
growth of {I'C^ |l2 }fgL- Such mappings, called weights, are introduced by the 
following 

Definition 2.3 Weights are the symmetric maps Wa : L x L ^ (0, +oo), in- 
dexed by 

aGX=(a, a), 0<a<a<+oo, (2.36) 

which satisfy the conditions: 

(a) for any a G X and £, Wa{(,() = 1; 

(b) for any a ^2 and £i, £2, (-3, 

^£,(^1, £2) • "^(1(^2, ^3) < ifQ(i?i, ^3) (triangle inequality), (2.37) 

(c) for any a, a' G X, such that a < a', and arbitrary £,£', 

{£,£') <wa{£,£'), lim {£,£') I wa{£, £') = Q. (2.38) 

\£~£'\-^+c<j 

The concrete choice of {wa\aei depends on the decay of J^f, which thus will 
be subject to the following 
Assumption (B) For all a G I, 

supVlog(l + K-f|)-Wa(^,f) <oo; (2.39) 

Ja =' supV |J«.| • K(£,f )]"' < 00. (2.40) 
* I' 

Given 5 > 0, which is a parameter of the theory, there exists a G I, such that 

^ - Jo < 5. (2.41) 

The choice of i5, based on the parameters of the model, will be done later. 
One observes that the conditions H2.39|l and (|2.4l)|) are competitive. One can 
easily find examples of Jw, obeying H2.6|l . for which (|2.39|) and (|2.4l)|) cannot 
be satisfied simultaneously for any choice of the weights. 

Now we give the basic examples which will be used in the sequel. Suppose 
that 

sup >^ I J«'| • exp {a\£ — < 00, for a certain a > 0. (2.42) 

The supremum of such a (possibly infinite) is denoted by a. Then we set 

X=(0,a), Wa(^,/) = exp(-a|^-/|) . (2.43) 
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If the condition H2.42|l docs not hold for any positive a, we assume that 

supV|J«,|-(l + |^-^'|)"'<oo, (2.44) 

for a certain a > 1. Then a is set to be the supremum of a obeying (|2.44l) and 

x=(i,a), w^{i,e') = ii + s\e-e'\r'"', (2.45) 

where the parameter e > wiU be chosen for (|2.41() to be satisfied. 
Given u = {ui)i(=-L, £ R'^, £q, and a G I, we set 

HlHw^) = VI \ue\Wa{£o,i), |w|;oo(^^) = sup {\u i\w a {£o,i)} , 

and introduce the Banach spaces 

lP{wa) = {ue \\u\ip(^^^) < 00} , p=l,+oo. (2.46) 

Remark 2.4 By for a < a' , the embedding l^{wa) ^ l^{wa') is com- 

pact. By {2.40^ , for every a £ T, the operator u 1— > Ju, defined as {Ju)i = 
Ju'Ui', is hounded in both spaces P{wa), p = 1,+cxd. Its norm does not 
exceed J a ■ 

For a G I, we introduce 

-1 1/2 

< 00 ^ (2.47) 



and endow this set with the metric 



\^t-^'l\Cii 



- lie. -c^'iu + 5:2-1^1 . , (2.48) 

V 1 + 1^^ - ^elcp 

which turns it into a Pohsh space. 

Remark 2.5 The topology of each of the spaces P{'Wa), f^a *s independent of 
the particular choice of £0 . This follows from the properties of the weights Wa 
assumed in Definition \2.!A 

The set of tempered configurations is defined to be 

= Pi (2.49) 

Equipped with the projective hmit topology i?* becomes a Polish space as well. 
For any a G I, we have continuous dense embeddings Q*" ^ fia ^ Q . Then by 
the Kuratowski theorem it follows that /?* g B{fl) and the Borel cr-algebras 
of all these Polish spaces coincide with the ones induced on them by B{Q). Now 
we are at a position to complete the definition of the function H2.83|l . 
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Lemma 2.6 For every a £ T and A d L, the map l?^ x l?^ 9 (lo, ^) i— > /a(i^|^) 
is continuous. Furthermore, for every ball Ba{R) = {w G /2q, | pa{Q,oj) < R}, 
R > 0, it follows that 



inf /A(t^lC) > -c»: 



sup |/a(cj|OI < +00. (2.50) 



Proof: As the functions Vi : R are continuous, the map {uj, f ) Ia{lu\) 

is continuous and bounded on the balls Ba{R)- Furthermore, 



fGA, f'GA"^ 

£eA 

X 5^ |J,r|K(0,^)/«;„(0,O]'^'-|e^'lL^K(0,O]'/' 

f'GA<^ 

€eA £'eA<^ 

< Ja||cc>|U||C|U^K(0,^)]-\ (2.51) 



^ga 



where we used the triangle inequality (|2.37(l . This yields the continuity stated 
and the upper bound in H2.5()(l . To prove the lower bound we employ the super- 
quadratic growth of Vi assumed in H2.5|l . Then for any x > Q and a £ X, one 
finds C > such that for any lo € Q and ^ G /2* , 



/a(^IC) > Sy/3|A|+Av/3i-'-^|c^,|f. -i ^ J«,(^,,u;,0i2.52) 

^gA i,i'eA 



eeA 



To get the latter estimate we used the Minkowski inequality. ■ 

Now for A g L and ^ G J7*, we introduce the partition function (c.f , I2.34|l ') 



^a(0 = / exp [-Ia{uja X Oac|0] XA(du;A)- 

J Ha 



(2.53) 



An immediate corollary of the estimates (I2.27|l and H2.52|l is the following 

Proposition 2.7 For every A <e L, the function I?* 9 ^ i-^ ^a(C) G (Oj +oo) is 
continuous. Moreover, for any R > 0, 



sup ^a(C) < oo- 

«Gi3c(fl) 



(2.54) 
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2.5 Local specification and Euclidean Gibbs measures 

Note that the standard sources on the DLR approach are the books [HHICSI- 
The local Gibbs specification is the family {ttaIacl of measure kernels 

Bin) X (s,0'->^a(b|0 e [o,i] 

which we define as follows. For ^ e A <s L, and B e B{fl), we set 

7rA(-B|0 = ^^/ cxph/A(wAxOAc|^)]lB(a;AxaOXA(dcc>A), (2.55) 

where stands for the indicator of B. We also set 

7rA(-|0 = 0, for (2.56) 

To simplify notations we write n^^y — ng. From these definitions one readily 
derives a consistency property 

/ ^A(Bk)^A'(dcc;|0 -ttaKBIO, A C A', (2.57) 

which holds for all B £ B{f2) and ^ £ Q. Furthermore, by (j2.52|l it follows that 
for any ^ e cr € (0, 1/2), and ^^ > 0, 



/ ^ XI \^'y\^t\c% + ) \ ^A(dtj|0 < oo, 



(2.58) 



where \„ is the same as in Proposition 12. 21 

Hy C\j{Qa) (respectively, Cb(/2*)) we denote the Banach spaces of all bounded 
continuous functions / : ^ R (respectively, / : ^ R) equipped with the 
supremum norm. For every a G X, one has a natural embedding Chi^a) ^ 
a(^*). 

Lemma 2.8 (Feller Property) For every a G X, A (s L, and any f G Cb(/?a); 
i/ie function 

f2^3^^ ^a(/IO (2.59) 

dof 1 /" 

=^ ^TTTV / /('^A ^ CaO exp [-/a(wa x Oa.\£,)] XA(dwA), 
^a(?) Jha 

belongs to Cb{f^a)- The linear operator f i— > 7rA(/|-) is a contraction on Cb(i^a). 
Proof: By Lemma [2.61 and Proposition 12 . 71 the integrand 

G{{uja\0 /(wa X exp h/A(a;A x OaHO] /^a(0 
is continuous in both variables. Moreover, by (|2.5U|) and (|2.54f) the map 

(2^3^^-^ sup \G{{uja\0\ 
e nA 
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is bounded on every ball Ba{R)- This allows one to apply Lebesgue's dominated 
convergence theorem and obtain the continuity stated. Obviously, 

sup |7rA(/|OI < sup (2.60) 
■ Note that by fT^ . for n\ ael, and / e Cb(r2„), 

^A(/ie) = / f{io)nA{du;\0. (2.61) 

Recall that the particular cases of the model considered were established by 
Definition O For B e 8(0) and U G 0{iy), we set 

Uuj = (C/cj^)feL = {[/tj \LoeB}. 

If L is a lattice, for a given £q, we set 

t<>o(w) = (w^^^JfgL, t£o(^) = {ifo(^^) \ ^ & B}. 

Then if the model possesses the corresponding symmetry, one has 

TTAiUBpO - ^a(S|0, iTA+iMB)\UiO) - MBIO, (2.62) 
which ought to hold for all U, i, B, and ^. 

Definition 2.9 A measure fi € 'Pi^) is called a tempered Euclidean Gibbs 
measure if it satisfies the Dobrushin-Lanford-Ruelle (equilibrium) equation 

I 7Tjy{B\oj)fi{duj) = fi{B), for all A d L and B e B{n). (2.63) 

By C/' we denote the set of all tempered Euclidean Gibbs measures of our model. 
So far we do not know whether or not C/' is non-void; if it is, its elements are 
supported by Indeed, by and 7rA(/2\ /2'|^) = for every A d L 

and n. Then by 

fi{n\i2^)^0 /i(/?*) = 1. (2.64) 

Furthermore, 

fx{{uj£ \yeeL: LUeeC^}) =1, (2.65) 

which follows from (|2.58() . If the model is translation and/or rotation invariant, 
then, for every U £ O(j^) and ^ € L, the corresponding transformations preserve 
g\ That is, for any ^i G g\ 

euifi) ^iou-^eg\ Otiti) tiot-^^g'. (2.66) 

In particular, if t/' is a singleton, its unique element should be invariant in the 
same sense as the model. One more invariance of the Euclidean Gibbs measures 
is connected with the dependence of their Matsubara functions on r's. 
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Definition 2.10 A measure ii € is called r-shift invariant if its Matsubara 
functions i2.n\ ) have the property 1^2. 15\) . 

The T-shift invariance is crucial for reconstructing quantum Gibbs states on von 
Neumann algebras, see 01^3. This means that only the elements of which 
have this property are of physical relevance. 

Given a G X, hy Wq we denote the usual weak topology on the set of all 
probability measures V{f2a) defined by means of bounded continuous functions 
on Qa- By W* we denote the weak topology on V{f2*-). With these topologies 
the sets V{fla) and P{f2*') become Polish spaces (Theorem 6.5, page 46 of |7())^. 

The proof of the existence of Euclidean Gibbs measures will be based on the 
following statement. 

Lemma 2.11 For each a £ X, every W a -accumulation point ^ £ V{Q^) of the 
family {t^k{'\C} I -'^ L, ^ £ J?'} is an element of . 

Proof: For each a G X, Cb(/?a) is a measure defining class for P(J?*). Then 
a measure ^ e V{fl^) solves (|2.63|l if and only if for any / G Ch{fia.) and all 
A (s L, 

/ f{u;)tx{dLo)= f 7^Aif\Lu)^^{dLu). (2.67) 

Let {ttaj^ (•|ffc)}fcgN converge in Wa to some fi £ V{Q^). For every A d L, one 
finds fcA e N such that A C A^ for aU k > kj^. Then by (|2.57|) . one has 

/ /(^)7rAfc(dw|ffc) = / 7rA(/|tj)7rAfc(dw|ffc). 

Now by Lemma [2. 81 one can pass to the limit k +oo and get H2.67(l . ■ 

Let us stress that in the lemma above we suppose that the accumulation 
point is a probability measure on In general, the convergence of {/injneN C 
V{Q^) in every Wq, a £X, does not yet imply its >V*-convergence. However, in 
Lemma and Gorollarv l5. II below we show that the topologies induced by Wa 
and W' on a certain subset of V{fi)^ which includes 5* and all 7rA(-|C)5 coincide. 

3 The Results 

In the first subsection below we present the statements describing the general 
case, whereas the second subsection is dedicated to the case of = 1 and 
Jw > 0. 

3.1 Euclidean Gibbs measures in the general case 

We begin by establishing existence of tempered Euclidean Gibbs measures and 
compactness of their set C/* . For models with non-compact spins, here they are 
even infinite-dimensional, such a property is far from being evident. 



3 THE RESULTS 



17 



Theorem 3.1 For every (3 > 0, the set of tempered Euclidean Gibbs measures 
C/' is non-void and W*- compact. 

The next theorem gives an exponential moment estimate similar to l|2.27|l . Re- 
call that the Holder norm \ ■ was defined by H2.19|l . 

Theorem 3.2 For every a e (0, 1/2) and x > Q, there exists a positive constant 
0^^~]\ such that, for any t and for all ii €z G*' , 

exp {\^\ujt\c. + >c\uje\l2^ M(dw) < QjTl (3-1) 
where \a is the same as in {2.27}) . 

According to H3.1|l . the one-site projections of each fi ^ are sub-Gaussian. 
The bound does not depend on £ and is the same for all /i G tj' , though it 
may depend on a and >c. The estimate H3.1|l plays a crucial role in the theory 
of the set Q^. Such estimates are also important in the study of the Dirichlet 
operators associated with the measures n G G*^, see [HI E| ■ 

The set of tempered configurations i?' was introduced in (|TT7l) . ijO^ by 
means of rather slack restrictions (c.f. H2.35|l 'l imposed on the L^-norms of ujg. 
By construction, the elements of t/* are supported by this set, see H2.64|l . It turns 
out that they have a much smaller support (a kind of the Lebowitz-Presutti one, 
see IS21). Given b> and cr G (0, 1/2), we set 

s{b, a) = {e e I (V4 e L) (BA^^,, d L) (V^ e AIJ : (3.2) 

\Ce\l.<b\ogil + \e-eo\)}, 

which in view of H2.39|l is a Borel subset of i?'. 

Theorem 3.3 For every a G (0, 1/2), there exists b > 0, which depends on a 
and on the parameters of the model only, such that for all /i G 5' , 

^Ji{S{b,a)) = l. (3.3) 

The last result in this group is a sufficient condition for to be a singleton, 
which holds for high temperatures (small [3). It is obtained by controlling the 
'non-convexity' of the potential energy 12.311 . Let us decompose 

Vi = Vij + V2.e, (3.4) 

where Vi,f G C'^IR") is such that 

-a < b inf inf {Vl'Ax)y, y) /\y\^ < oo. (3.5) 

As for the second term, we set 

< (5 sup < sup V2i{x)— inf V2 i{x)> < oo. (3.6) 

Its role is to produce multiple minima of the potential energy responsible for 
eventual phase transitions. Clearly, the decomposition H3.4() is not unique; its 
optimal realizations for certain types of Vi are discussed in section 6 of [TT] . 
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Theorem 3.4 The set is a singleton if 

e'^^ < (a + &)/Jo. (3.7) 

Remark 3.5 The latter condition surely holds at all (3 if 

6 = and Jo < a + 5. (3.8) 

In this case the potential energy Wa given by ^2.!^) is convex. If the oscillators 
are harmonic, 6 = b = 0, which yields the stability condition 

Jo < a. (3.9) 

The condition \3. 7| ) does not contain the particle mass m; hence, the property 
stated holds also in the quasi- classical limit^ m — > +oo. 

3.2 Ferroelectric scalar models 

Recall that here we consider the case where Jw > and v = 1. 

Let us introduce an order on the set C/' . As the components of the config- 
urations Lo £ n are continuous functions LUg : Sp R'', we can set u; < w if 
^i{t) < uji{t) for all i and r. Thereby, we define 

K+{n') = {feC^{n')\f{uj)<f{iL), if a;<(i}, (3.10) 

which is a cone of bounded continuous functions. 

Lemma 3.6 If for given fj.,fi (z , one has 

fi{f) = m, for all feK+{f2'), (3.11) 

then fi = jl. 

The proof of this lemma will be given below in Sectional We use it to establish 
the so called stochastic order on Q^. 

Definition 3.7 For fJ.,fl£ , we say that jJ. < fl, if 

A*(/)<M/), for all f^K+{Q'). (3.12) 

Our first result in this subsection is the following 

Theorem 3.8 The set C/* possesses maximal /i+ and minimal /i_ elements in 
the sense of Definition \3. 7| These elements are extreme and r-shift invari- 
ant; they are also translation invariant if the model is translation invariant. If 
Vi{-x) = Ve{x) for all £, then fi+{B) = fi-i-B) for all B e B{n). 

^More details on this limit can be found in (4j. 
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Now let the model be translation invariant. For this model, we are going to study 
the limiting pressure which contains important information about its thermody- 
namic properties. A particular question here is the dependence of the pressure 
on the external field h, c.f. H2.7|l . The corresponding analytic properties are 
then used in the study of phase transitions. 
For A (E L, we set 

PA(^0 = ^log^A(0, (3.13) 

To simplify notations we write pa(/i) = PA{h, 0). For /it e t/*, we set 

P^Aih)= f PAih,Ot^{dO. (3.14) 
J n 

If for a cofinal sequence C, the limit 

p^{h) \implih), (3.15) 

exists, we shall call it pressure in the state fi. We shall also consider 

p{h) = limpA{h). (3.16) 

To obtain such limits we impose certain conditions on the sequences £. Given 
I = {h,... Id), I' = (Z'l, . . . Z^) G L = Z'', such that Ij < 1'^ for all j = 1, . . . , d, we 
set 

T = {lel.\lj <lj < I], for all j = 1, . . . , d}. (3.17) 

For this parallelepiped, let ©(F) be the family of all pair- wise disjoint translates 
of F which cover L. Then for A d L, we set iV_(A|r) (respectively, iV+(A|r)) to 
be the number of the elements of ©(F) which are contained in A (respectively, 
which have non-void intersections with A). Then we introduce the following 
notion, see 1751. 

Definition 3.9 A cofinal sequence C is a van Hove sequence ij for every F, 
(a) limAr_(A|F) = +oo; (6) lim (7V_(A|F)/Ar+(A|F)) = 1. (3.18) 

Theorem 3.10 For every ft, e R and any van Hove sequence C, it follows that 
the limits and 1^3.16]) exist, do not depend on the particular choice of C, 

and are equal, that is p{h) — p^{h) for each ^ (£ . 

The following result, which will be proven in scction[7|below, is a consequence 
of Theorems IXTUI and Ol 

Corollary 3.11 If the pressure p{h) is differentiable at a given h, then Q'^ is a 
singleton at this h. 
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Next we study the uniqueness/multiphcity problem for the Euchdean Gibbs 
measures. In the DLR approach the multiphcity corresponds to phase transi- 
tions. In physical systems phase transitions manifest themselves in the macro- 
scopic displacements of particles from their equilibrium positions. For transla- 
tion invariant ferroelectric models with Vi = V obeying certain conditions, the 
appearance of such macroscopic displacements at low temperatures was proven 
in [SI 123 EH EI]. Thus, one can expect that > 1 at big /?, although the 
latter fact and the appearance of macroscopic displacements are not equivalent. 
To avoid technical complications we prove this for L = Z'', c? > 3, however our 
scheme can be modified for certain types of irregular L C R''. 

Let us impose further conditions on Jw and Vi. The first one is 

inf Jet =^ J>0. (3.19) 

ej': \e~e'\=i 

Next we suppose that Ve are even continuous functions and the upper bound in 
H2.5|l can be chosen in the form 

r 

V{xe)^Y,b^'^xf; 26(1) < -a; fol-) > o, s > 2, (3.20) 

s=l 

where a is the same as in (|2.22|l or in (|2.3I) , and r > 2 is either a positive integer 
or infinite. For r = +oo, we assume that the series 

<i>{t) = y — Y h^'h'-\ (3.21) 

j^2^-i(s-l)! ^ ' 

converges at some t > Q. Since 26^1) + a < 0, the equation 

a + 26(1) -f <Z'(t) = 0, (-3 22) 

has a unique solution t* > 0. Finally, we suppose that for every £, 

V{xi) — Ve{xe) < V{xe) — Ve{xe), whenever xf < xf. (3.23) 

By these assumptions all Ve are 'uniformly double-welled'. If Ve{xe) = ve{x'j) 
and Ve are differentiable, the condition (|3.23|) may be formulated as an upper 
bound for vi. For c? > 3, we set 



— (2^J,^,„,Wr ^W-Dl-™«1. (3.24) 

Let also / : [0, +00) [0,1) be the function defined implicitly by 

/(Uanht) = ■ tanht, for t > 0, and /(O) = 1. (3.25) 



d 



It is convex and monotone decreasing on (0, +00). For an account of the prop- 
erties of this function, see |29| . where it was introduced. 
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By (|3.25|l one readily proves that for every fixed a > 0, the function 

{0,+oo) 3 (l){t,a) = atf{t/a), (3.26) 
is monotone increasing to as i — > +oo. 

Theorem 3.12 Let d > 3 and the above assumptions hold. Then under the 
condition 

J > 9d/8mtl, (3.27) 

there exists f3^ > such that \Q^\ > 1 whenever (3 > (3^. The bound P^, is the 
unique solution of the equation 

20dm/J = 4>{P,Amt^). (3.28) 

As was shown in [3 El ED], strong quantum effects, occurring in particular at 
small values of the particle mass m, can suppress abnormal fluctuations. Thus, 
one might expect that such effects can cause — 1. The strongest result 
in this domain - the uniqueness at all f3 due to quantum effects for the model 
with nearest neighbor interaction and a certain type of V (so called BFS, see 
j31| 'l - was proven in [S]. In the present paper we extend this result in two 
directions. We prove it for a substantially larger class of anharmonic potentials 
and make precise the bounds of the uniqueness regime. Furthermore, unlike to 
the mentioned papers, we do not suppose that the interaction has finite range 
and that L is regular. 

In Theorem 13.131 below we suppose that the anharmonic potentials Vi are 
even and hence can be presented in the form 

Viix) ^veix''). (3.29) 

Furthermore, we suppose that there exists the function v : [0, +oo) — > R which 
is convex and such that 

Vi{t) - v{t) < vi{e) - v{0) whenever t < 9. (3.30) 

In typical cases of Vg, like (|2.7|l . as such a v one can take a convex polynomial 
of degree r > 2. 

Next we introduce the following one-particle Hamiltonian (c.f. H2.22|l . (|2.2|) ') 

iJ^-i-(|-)%^.^+.(.^), ..R. (3.31) 

It has purely discrete non-degenerate spectrum {-BnlneNo- Thus, one can define 
the parameter 

A = min (E,, - E^-i) , (3.32) 

riGN 

which is positive and depends on the model parameters m, a, and on the choice 
of V. Recall, that Jq was defined by H2.6f) . 
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Theorem 3.13 Let the anharmonic potentials Vi be as above. Then the set of 
Euclidean Gibbs measures is a singleton if 

mA^ > Jo. (3.33) 

Note that the above result is independent of /3 > and that (|3.33|) is a stabihty 
condition hke H3.8|l . where the parameter mA^ appears as the oscihator rigidity. 
If it holds, a stability-due-to-quantum-effects occurs, see |S1 1491 1501 154| . If v is 
a polynomial of degree r > 2, the rigidity mA^ is a continuous function of the 
particle mass m; it gets small in the quasi-classical limit m -l-oo, see |54| . 
At the same time, for m 0+, one has mA"^ = C>(m"(''"^^/(''+^)), see [51 IP]. 
Hence, (|3.33|l certainly holds in the small mass limit, c.f., PIE]. To compare 
the latter result with Theorem 13 . 1 21 let us assume that L = Z'^, d > 3, J«' = J 
iff 1^ — £'| = 1, and all Vi coincide with the function given by (|3.2UI) . Then the 
parameter 13.32|l obeys the estimate A < l/2mt^, see J33], where t^ is the same 
as in (|3.27|1 . (|3.28|) . In this case the condition H3.33|l can be rewritten as 

J < l/Mmtl. (3.34) 

One can show that 9d > 1/d and dOd ^ 1 as d ^ +oo; hence, the estimates 
l|3.27|l and (|3.34(l . which give sufficient conditions for the phase transition to 
occur or to be suppressed, become asymptotically sharp. 

Now we consider a translation invariant version of our model, i.e., L = Z''. 

Set 



^{t) - (^0 exp(7ot)r Y[{1 + j,t) I , (3.35) 



i=l 



where <y9o > 0, n G Nq, 7i > for all i G Nq, and X^i^i 7* < Each 
V G -^Laguorrc Can be extended to an entire function ip : C —^ C, which has no 
zeros outside of (— oo,0]. These are Laguerre entire functions, see |42[ I52L 157] . 
In the next theorem the parameter a is the same as in (I2.22|l . 

Theorem 3.14 Let the model we consider be translation invariant and the an- 
harmonic potential be of the form 

V{x) = v{x^) - hx, heR, (3.36) 

where v{0) = and is such that for a certain b > a/2, the derivative v' obeys 
the condition b + v' Cz .T-LaguciTc- Then the set is a singleton if h ^ 0. 



3.3 Comments 

In what follows, we have developed a consistent rigorous theory of the equilib- 
rium thermodynamic properties of quantum models like , based on a path 
measure representation of local Gibbs states (|2.9I) . In this theory, the model 
is considered as a system of infinite-dimensional spins; its global properties are 
described by the Euclidean Gibbs measures constructed with the help of the 



3 THE RESULTS 



23 



DLR equation. As the spins are infinite-dimensional, the methods employed 
are more involved and complicated than those used for classical models. Ad- 
ditional complications arise from the fact that we study a general case, where 
the model has no spacial regularity and the interaction is of infinite range. In 
view of the latter property, the only way to develop the theory is to impose 
a priori restrictions on the support of the Gibbs measures, which was done by 
means of the weights obeying the conditions H2.37|l - (|2.40() . These conditions 
are competitive and, in principle, can contradict each other if the interaction 
decays too slowly. If they are satisfied, the set of tempered Gibbs measures 

is non-void. Theorem 13.11 A posteriori, by Theorem 13.31 its elements have 
much smaller support than J?*, which does not depend on the particular choice 
of the weights. If the interaction has finite range, the Gibbs measures can be 
defined with no support restrictions. However, in this case the set of all such 
measures may contain "improper" elements, which have no physical meaning 
and hence should be excluded from the theory. This can be done by means of 
the weights obeying the same conditions, except for H2.40|) which now is satisfied 
automatically. Once this is done, the tempered Gibbs measures obtained have 
the support described by Theorem 13. 31 independent of the weights. 

Now let us compare our results with those known for similar classical and 
quantum models. 

• Theorem 13. IL A standard tool for proving the existence of Gibbs mea- 
sures is the celebrated Dobrushin criterion, see Theorem 1 in To 
apply it in our case one should find a compact positive function h defined 
on the single-spin space such that for all £ and ^ G f2, 

[ h{ue)ni{dLj\0 <A + y^hth{it). (3.37) 

where 

A > 0; lu'>0 for all and supy^/«'<l. 

« I, 

Then H3.37|l would yield that for any ^ G J?, such that sup^ h{^i) < oo, 
the family {7rA(-|^)}A(iL is relatively compact in the weak topology on 
V{f2) (but not yet in Wa, W*). Next one would have to show that any 
accumulation point of {7rA(-|^)}AgL is a Gibbs measure, which is much 
stronger than the fact established by our Lemma 12.111 Such a scheme 
was used in |17[ I24L where the existence of Gibbs measures for lattice 
systems with the single-spin space R was proven. In those papers the 
use of the specific properties of the models, such as attractiveness and 
translation invariance, was cricial. The direct extension of this scheme 
to quantum models seems to be impossible. The scheme we employ for 
proving Theorem l3.1l is based on compactness arguments in the topologies 
Wet, VV*. After obvious modifications it can be applied to models with 
more general inter-particle interactions. Further comments on this item 
follow Corollary 1121 
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• Theorem 13.21 gives a uniform exponential moment estimate for tem- 
pered Euclidean Gibbs measures in terms of model parameters, which in 
principle can be proven before establishing the existence. For systems 
of classical unbounded spins, the problem of deriving such estimates was 
first posed in ^21 (see the discussion following Corollarv l4.2|l . For quan- 
tum anharmonic systems, similar estimates were obtained in the so called 
analytic approach, alternative to the traditional approach based on the 
DLR equation, see jHlClEl- In this analytic approach C/* is defined as 
the set of probability measures satisfying an integration-by-parts formula, 
determined by the model. This gives additional tools for studying and 
provides a background for the stochastic dynamics method in which the 
Gibbs measures are treated as invariant distributions for certain infinite- 
dimensional stochastic evolution equations, see jl4| . In both analytic and 
stochastic dynamics methods one imposes a number of technical condi- 
tions on the interaction potentials and uses advanced tools of stochastic 
analysis. The method we employ for proving Theorem 13.21 is much more 
elementary. At the same time. Theorem 13.21 gives an improvement of the 
corresponding results of |7] because: (a) the estimate H3.1|) gives a much 
stronger bound; (b) we do not suppose that the functions Vg are differen- 
tiable - an important assumption of the analytic approach. 

• Theorem 13. 3L As might be clear from the proof of this theorem, every 
/i G 7^(/2') obeying the estimate (|3.1|) possesses the support property H3.3|) . 
For Gibbs measures of classical lattice systems with unbounded spins, a 
similar property was first established in hence, one can call S{b, a) a 
Lebowitz-Presutti type support. This result of (HU was obtained by means 
of Ruelle's superstability estimates |76! , applicable to translation invariant 
models only. The generalization to translation invariant quantum model 
was done in where superstable Gibbs measures were specified by the 
following support property 



Here we note that by the Birkhoff-Khinchine ergodic theorem, for any 
translation invariant measure /l( S obeying (|3.1(l . it follows a much 

stronger support property - for every a £ (0, 1/2), > 0, and /i-almost 
all uj, 



In particular, every periodic Euclidean Gibbs measure constructed in sub- 
section!^] below has the above property. 

• Theorem 13.41 establishes a sufficient uniqueness condition, holding in 
particular at high-temperatures (small f3). Here we follow the papers 
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I12| . where a similar uniqueness statement was proven for translation 
invariant ferromagnetic scalar version of our model. This was done by 
means of another renown Dobrushin result, Theorem 4 in j25|. which gives 
a sufficient condition for the uniqueness of Gibbs measures. The main tool 
used in [111 IT^ for estimating the elements of the Dobrushin matrix was 
the logarithmic Sobolev inequality for the kernels tti. 

• Theorem 13.81 For classical ferromagnetic spin models, similar results 
were obtained in ^|[73] and |60[ I62| . The extreme elements /i± play an 
important role in proving Theorems ma ESI andEH 

• Theorem 13.101 For classical ferromagnetic spin models, a similar state- 
ment was proven in [171 l()2j . 

• Theorem I3.12L For translation invariant lattice models, phase transi- 
tions are established by showing the existence of nonergodic (with respect 
to the group of lattice translations) Gibbs measures. This mainly was be- 
ing done by means of the infrared estimates, see ^1 EZl El EHl E] ■ Here 
we use a version of the technique developed in those papers and the cor- 
responding correlation inequalities which allow us to compare the model 
considered with its translation invariant version (reference model). 

• Theorem I3.13L For translation invariant models with finite range inter- 
actions and with the anharmonic potential being the polynomial 1)2. 7|l with 
all fe^"*) > except for b^^'> (the so called EMN-class, see [S]), the unique- 
ness by quantum effects was proven in i5j (see also |3|). With the help of 
the extreme elements /i± € we essentially extend the results of those 
papers. As in the case of Theorem lH.121 we employ correlation inequalities 
to compare the model considered with a proper reference model. 

• Theorem I3.14L For classical lattice models, the uniqueness at nonzero 
h was proven in ^| (SUl E21 under the condition that the potential H3.36|l 
possesses the property which we establish below in Definition 18.11 The 
novelty of Theorem 13.141 is that it describes a quantum model and gives 
an explicit sufficient condition for V to possess such a property'^. This 
theorem is valid also in the quasi-classical limit m — > -|-oo, in which it 
covers all the cases considered in ^||n01E2|- For {(j>*)2 Euclidean quantum 
fields, a similar statement was proven in |34j . 

4 Properties of the Local Gibbs Specification 

Here we develop our main tools based on the properties of the kernels H2.55|) . 

■^Examples follow Proposition 18. 2| 
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4.1 Moment estimates 

Moment estimates for the kernels ()2.55|l we are going to derive will allow for 
proving the W'-relative compactness of the set {7rA(-|^)}AgL, which by Lemma 
12.111 will ensure that 5* 7^ 0. Integrating them over ^ G /2* we will get by the 
DLR equation (|2.()3|) the corresponding estimates for the elements of C/* . Recall 
that ng stands for tt^^-j. 

Lemma 4.1 For any k, t9 > 0, and a e (0, 1/2), there exists > such 

that for all i £1; and ^ € 

^exp|Aa|w£|^^ + }i\uje\l2^ T:e{duj\^) < exp |cj^+ z9 ^ | J«/ 1 • \^i'\l2^ ■ 

(4.1) 

Here > is the same as in 1^3. 

Proof: Note that by (|2.58l) the left-hand side of (|4.1|) is finite and the second 
term in exp{-} on the right-hand side is also finite since ^ G J?'. 
For any d > 0, one has (see (I2.6|) ') 



(4.3) 



which holds for all tj,^ G By these estimates and (101]) . 

LHSgU < [l/Yi{^)] ■ exp I^^X] ■ l^^'li^ I 
x^expjA^lt^^l^. + (x+Jo/2z9) \uji\l2 - Vi{uJi{T))dT^ xi<i^i), 

where 

F,(79) = exp . - J^^ VMT))dT^ xidLOi). 

Now we use the upper bound l|2.5|l to estimate inf^ 1^(19), the lower bound 
(|2.5|l to estimate the integrand in (|4.3|l . take into account Proposition 12. 21 and 
arrive at H4.1|l . ■ By Jensen's inequality we readily get from (|4.1I) the following 
Dobrushin-like bound. 

Corollary 4.2 For all £ and ^ G J?*, the kernels T^e{-\C), obey the estimate 

f h{LUe)Md^\0 < (^?/><)E l-^"'! • ^(^^'), (4.4) 

with 

h{uji) = X^\uji\1.^ + x\uji\\2, (4.5) 
which is a compact function h : Cp — > R. 
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For translation invariant lattice systems with the single-spin space R and fer- 
romagnetic pair interactions, integrability estimates like 



log ^ exp(A|xf |)7r^(dx|?/)| <A + ^I, 



were first obtained by J. Bellissard and R. H0egh-Krohn, see Proposition 111.1 
and Theorem III. 2 in JJj. Dobrushin type estimates like H3.37II were also proven 
in |24[ 122] . The methods used there essentially employed the properties of the 
model and hence cannot be of use in our situation. Our method of getting such 
estimates is much simpler; at the same time, it is applicable in both cases - 
classical and quantum. Its peculiarities are: (a) first we prove the exponential 
integrability H4.1(l and then derive the Dobrushin bound H4.4(l rather than prove 
it directly; (b) the function H4.5(l consists of two additive terms, the first of which 
is to guarantee the compactness while the second one controls the inter-particle 
interaction. 

Now by means of H4.1(l we obtain the corresponding estimates for the kernels 
tta with arbitrary A (s L. Let the parameters a, >^, and Ao- be the same as in 
l|4.1|l . For ^ e A (s L, we define 



n,(A|0 = log I j^^ exp + ^^l^fli^) ^A(dt^|C)| , (4.6) 

which is finite by H2.58|l . 

Lemma 4.3 For every a £l, there exists Cj^^a) > such that for all ^ S 

limsup^n,(A|0u'a(4,^) < Qr%c,)- (4.7) 

hence, 

limsupn£o(A|^) < Cjg-^a), for any Iq. (4.8) 
Thereby, there exists ^j^^^iO > such that for a^/ A (s L containing £, 

MMO<c^e,0- (4.9) 

Proof: Given x > and q e X, wc fix > such that 

Then integrating both sides of the bound H4.1|l with respect to the measure 
Trj^{duj\^) we get 



< qu\+^ E \Ju'\-\^i'\i2 (4.11) 

+ log exp (^^ • l^^'lil) '^A(da;|o| 
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Here we have used (I4.10f) and the muhiple Holder inequaUty 

in which is a probabihty measure, (pi > (respectively, > 0), i = 1, . . . , n, 
are functions (respectively, numbers such that J2^=i "^i < !)• Then (|4.11|) yields 



n,„(A|0<^n,(A|0i«a(4,^) 



(4.12) 



< 



1 



1 - dJa/x 



Therefrom, for all ^ e i?*, we get 

limsupnfo(A|,^) < lim sup ne (A|g) {(q , £) 



(4.13) 



«ga 



< 



which gives (14. 7|) and H4.8|) . The proof of (|4.9|l is straightforward. ■ 

Recall that the norm || • \\a was defined by p.47() . Given a G I and a G (0, 1/2), 
we set, c.f. Remark ITKl 

-,1/2 



iieiu,, 



(4.14) 



Lemma 4.4 Let the assumptions of Lemma \4-l\ be satisfied. Then for every 
a € T and ^ G J?*, one finds a positive G^^ j^^ Q such that for all A <s h. 



la'rA(dc.le) < G^Q. 



(4.15) 



Furthermore, for every a G I, cr G (0,1/2), and ^ G i7' for which the norm 
i4-14{ l finite, one finds a Cj^^^O > such that for all A d L, 

\l,7rA{du;\0 < qjj^Q. (4.16) 
Proof: For any fixed ^ G by the Jensen inequality and H4.12|l one has 



n 



lim sup 
< lim sup 

A/^L 



\uj\\lTTA{duj\^) 



(4.17) 



ij2MMOwc{o,i)+J2 l^^lii^"(o,£) 



£GA 



«eA= 



< <^g7^")/^- 

Hence, the set consisting of the left-hand sides of H4.15|l indexed by A (g L is 
bounded. The proof of (|4.16() is analogous. ■ 
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4.2 Weak convergence of tempered measures 

Recall that / : /2 ^ R is a local function if it is measurable with respect to 
S(J7a) for a certain A d L. 

Lemma 4.5 Let a sequence {/i„}„eN C 7^(J7*) /iaz)e the following properties: 
(a) for every a G X, each its element obeys the estimate 

Ml^i^jdcj) <qjj^a), (4.18) 

with one and the same j^ g); ('ftj /or every local f G Cb(J7'), {/iri(/)}neN C 
R is a Cauchy sequence. Then {fJ.n}ne'N converges in W* to a certain fj, G 
7'(/2*). 

Proof: The topology of the Polish space J7* is consistent with the following 
metric (c.f. (jT^ ) 

Pi^,^) - E 2-^- + E 2-Ko-l ^f:^, (4.19) 

^ 1+ W-WL, ^ 1+ Wil-W^L-r. 



fc=i 



where {afcjfcgN C I = (a, a) is a monotone strictly decreasing sequence con- 
verging to a. Let us denote by CJ,'(/2*;p) the set of all bounded functions 
/ : i?' — > R, which are uniformly continuous with respect to H4.19|l . Thus, in 
accord with a known fact, see e.g. Theorem 2.1.1, page 19 of P21i to prove the 
lemma it suffices to show that under its conditions {/^n(/)}neN is a Cauchy 
sequence for every / G CJJ(/2*; p). Given J > 0, we choose A5 g L and /c^ G N 
such that 

00 

J2 2-1^0-^1 < ,5/3, E 2"'' = 2-'=''+i < ,5/3. (4.20) 

ieAl k=ks 

For this 5 and a certain i? > 0, we choose As{R) (s L such that 



[w^,^_,{io,£)/w^,^{io,e)} < (4.21) 



S 

sup 

le-L\As{R} 



which is possible in view of H2.38|l . Finally, for i? > 0, we set 

BR = {Luen' \ M,,,^ < R}. (4.22) 
By (|4.18|l and the Chebyshev inequality, one has that for all n G N, 

lin \ Bn) < q^ak;)/R'. (4.23) 
Now for / G C"(J?*; p), A <e L, and n, to G N, we have 

|Mn(/)-Mm(/)l < l/^n(/A)-Mm(/A)l (4-24) 

+ 2 max{^„(|/ - /a|); /!„(!/- /a|)}, 
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where we set fA{uj) = /(^a x Oac). By (|4.23|) . 

M«(|/~/a|) < 2C^afcJ||/||oo/fl^ (4.25) 

- /(wA X OaOI M«(dw)- 



For chosen / £ CJJ(J7*; p) and £ > 0, one finds S > such that for ail u!,uj G 1?*, 
— f{i^)\ < £/6, whenever p{lo,Cj) < 5. 

For these /, e, and (5, one picks up R{£,6) > such that 

q^ak,)\\f\\oc/[R{e,6)]' <e/12. (4.26) 

Now one takes A d L, which contains both and As[R{e, 6)] defined by (|4.2Uf) . 
H4.21|l . For this A, u; E S_r(£,5) , and k ^ 1,2, . . . , kg — 1, one has 

s s 

S[R{e,S)\ " ■i 

where (jOTll . have been used. Then by ijTT^ . it follows that 

VweBfl(e,5): p(w,WA X Oa<=) < (5, (4.28) 

which together with H4.26|l yields in H4.25|l 

s s s 

fJ-nilf - /a|) < g + gM« {BR{e,S)) < ^■ 

By assumption (b) of the lemma, one finds such that for all n,m > N^, 

s 

|Mn(/A) - Mm(/A)| < -• 

Applying the latter two estimates in H4.24(l we get that {nn}neT<! is a Cauchy 
sequence in the topology W* in which V{fl^) is complete. ■ 

5 Proof of Theorems [O - EH 

The existence of Euclidean Gibbs measures and the estimate (|3.1|l can be proven 
independently. To establish the compactness of 5* we will need (|3.1() . thus, we 
first prove Theorem 13. 21 

Proof of Theorem 13.21 Let us show that every /i G 'P(ri) which solves 
the DLR equation (|2.()3I) ought to obey (|3.1|l with one and the same To 
this end we apply the bounds for the kernels t^a{'\0 obtained above. Consider 
the functions 



Gn{uji) =^ exp l^min |Ao.|cjf + ><|w^|^2 ; A^l^ , N 



e N. 
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By (|2.63|l . Fatou's lemma, and the estimate (|4.8|) with an arbitrarily chosen 
a e X, we get 



GAr(a;^)/i(da;) — limsup 
n A/'L J n 



< limsup 



/ 


/ exp( 




Jn ^ 



exp [X„\uje\c?, + ) 7rA(dt^|^) 



< 



/ limsup / exp ( X„\ijJii\'^^ + >c\uji 
Jn A/'L Jn ^ " 



7rA(dw|C) 



< 



dof 



In view of the support property (|2.65(l of any measure solving the equation 
H2.53|l we can pass here to the limit N +00 and get H3.1|l . □ 

Corollary 5.1 For every a (E 2, the topologies induced on by Wa and W* 
coincide. 

Proof: Follows immediately from Lemma [4.51 and the estimate H3.1|l . ■ 
Proof of Theorem 13. 11 Let us introduce the next scale of Banach spaces (c.f. 



^a^a ^ W e n \ \\uj\\a^„ < 00} , ere (0,1/2), a El, 



(5.1) 



where the norm || • \\a.a was defined by H4.14|l . For any pair a, a' € X such that 
a < a', the embedding ila^rr ^ ^q' is compact, see Remark 12.41 This fact 
and the estimate (|4.16|l . which holds for any ^ e f^a.a, imply by Prokhorov's 
criterion the relative compactness of the set {7rA(-|0}AgL in VVq'. Therefore, 
the sequence {7rA(-|0)}A(=L is relatively compact in every Wa, a £ X. Then 
Lemma 12.111 yields that t/' 7^ 0. By the same Prokhorov criterion and the 
estimate H3.1|l , we get the Wo-relative compactness of f/' . Then in view of the 
Feller property fLemma I2.8|l . the set C/* is closed and hence compact in every 
Wa, oi E T, which by CoroUarv 15 . II completes the proof. □ 

Proof of Theorem VS.'di To some extent we shall follow the line of arguments 
used in the proof of Lemma 3.1 in 1^. Given £,£0, 6 > 0, cr S (0, 1/2), and 
A C L, we introduce 

Se{io,b,<j) = {^en\\^e\l.<blog{l + \e-eo\)}, (5.2) 
eeA 

For a cofinal sequence C, we set 

S{eo,b,a)^ [j SA.{eo,b,a), S{b,a) ^ f] S{eo,b,a). (5.3) 



Ae£ 



oEL 
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The latter S{b, a) is a subset of /?' and is the same as the one given by l\'6.2\\ . 
To prove the theorem let us show that for any a S (0, 1/2), there exists 6 > 
such that for all £o and G 5*, 

^i{^2\S{£o,b,a))=0. (5.4) 

By H5.2|l we have 

n\SA.{io,b,<j) = {CG /? I (3f G A^) : >61og(l + |£-€6»W 

C {CG/?! (3£gA^): >51og(l + K-£o|)}, 

for any A C A. Therefore, 

At( fl [/2\HA=(£o,6,a)] I =limAi(/2\^Ac(4,&,^)), (5.6) 

which holds for any cofinal sequence £. By (|5.5|l . 

M(/2\^Ae(4,6,a)) = m( U 

< cxp(A.|e,|^.) >(l + |^-^o|)^''}). 

Applying here the Chcbyshev inequality and the estimate we get 
/i (/2 \ (4, 5, a)) < ^ (1 + K - 41)-''^- . 

In view of (|2.1|l the latter series converges for any b > d/X^- In this case by 
(ESI) 

/.(/2\S(4,6,a)) =lim^([/2\SA^(^o,6,^T)]) = 0, 
which yields (|5.4|l . □ 

Let £ be the set of all continuous local functions / : i7* — > R, for which there 
exist (T G (0, 1/2), A/ d L, and Df > 0, such that 

|/(l^)|2 < Df J2 exp (A.|wf 1^.) , for all lo G n\ (5.7) 

where Ao- is the same as in H2.27II and 1)3. l|l . Let also ex(t/*) stand for the set of 
all extreme elements of Q^. 

Lemma 5.2 For every fi G ex(tj') and anj/ cofinal sequence C, it follows that: 

(a) the sequence {7rA(-|^)}Ae£ converges in W* to this ii for fj,- almost all ^ G 

(b) for every f € £, one has lim£ 7TA{f\0 = fJ-if) for ^i-almost all ^ G 
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Proof: Claim (c) of Theorem 7.12, page 122 in "3^, implies that for any local 

lim7rA(/|0 = m(/), for ^-almost all ^ € J?'. (5.8) 

Then the convergence stated in claim (a) follows from Lemmas 14.41 and 14.51 
Given f e £ and iV e N, we set Hn = {uj e O \ \f{td)\ > N} and 



/7v(w) = 



fito) if 1/(^)1 <iV; 

N f (lli) / \ f otherwise. 



Each Jn belongs to Cb(/2*) and /at / point- wise as — > +oo. Then by (|5.8|l 
there exists a Borel set S^^ C such that fJ^i^fj.) ~ 1 and for every N gN, 

lim7rA(/jv|0 = KIn): for all ^ G S^. (5.9) 

Note that by (|4.6() . (|4.9|l . and H5.7() . for any ^ £ S'^ one finds a positive 
QS.lOl v/' such that for all A d L, which contain A/, it follows that 

1^ \f iLo)\\ j,idio\o < (5.10) 

Hence 



kA(/|0 - ^A(/iv|e)l < 2 / \fiu;)\nAidLu\0 

Similarly, by means of (|5.7I) and Theorem 13. 21 one gets 

Hf)-KfN)\<^-DfC^ 

The latter two inequalities and H5.9|l allow us to estimate |7rA(/|0 ~ m(/)I and 
thereby to complete the proof ■ 

Proof of Theorem 13.41 For the scalar translation invariant version of the 
model considered here, the high-temperature uniqueness was proven in |ll[ll2j 
by means of Dobrushin's criterium. The proof given below is a modification of 
the arguments used there. 

The main idea of the method of Dobrushin is to control the Wasserstein 
distance i?[7rf(-|^); 7rf(-|^')] between the measures 7r^(-|^) and7rf(-|^') with f ^ 
In our context, its appropriate choice may be made as follows. For given £ and 
G n\we set 



R[M-\0;M-\C')]= sup 

/6Lip,(L^) 



(5.11) 
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where Lipj(L^) stands for the set of Lipschitz-continuous functions / : L| ^ R 
with the Lipschitz constant equal one. The Dobrushin criterium (see Theorem 
4 in employs the matrix 



Cw = sup ■ 



e^e', £,£'eL, 



(5.12) 



where the supremum is taken over all ^, ^' S J7* which differ only at t' . Accord- 
ing to this criterium the uniqueness stated will follow from the fact 



sup ^ Cu, < 1. 

^ £'eL\{£} 



In view of (|2.58fl the map 



(5.13) 



(5.14) 



has the following derivative in direction ( e 



(vr(er),C)L^ 



By Theorem 5.1 of the measures 7rf(-|^) obey the logarithmic Sobolev in- 
equality with the constant 

Cls = e''V(a + 6), (5.15) 
which is independent of ^. By standard arguments this yields the estimate 



(vr(^,0,C)i. <Cls|J«'|-ICI^ 



(5.16) 



Then with the help of the mean value theorem from (|5.12|) and (|5.15|l we get 

Cu< < \Ju>\-e>'^/{a + b). 
Thereby, the validity of the uniqueness condition H5.13|l is ensured by H3.7|l. □ 



6 Proof of Theorems and IXTUI 

6.1 Stochastic order and the proof of Theorem 13.81 

First we prove that the cone K^{n^) may be used to establish an order on Q^, 
that is it has the property: if ^(/) < fl{f) and jl{f) < fj.{f) for all / e K^{n^), 
then — p.- 

Proof of Lemma 13. 6t Let us show that the cone i^+(i?*) contains a defining 
class for Q*-. Usually, measure defining classes of functions are established by 
means of monotone class theorems, see e.g., ^H]) pages 36 - 39. In our situation, 



6 PROOF OF THEOREMS ?? AND ?? 



35 



f{uj)fi{dLu)= 4>{xi, . . . ,Xn)Pidx), 
for / and <j) as in (|6.1|l . Then by 13.11II . it follows that 



a sufficient condition for a measure defining class of bounded continuous func- 
tions may be formulated as follows: (a) to contain constant functions; (b) to be 
closed under multiplication; (c) to separate points of Sl^. The class (|3.1U|I does 
not meet (b); hence, to prove the stated one has to use additional arguments. 

A continuous function / : J?* ^ R is called a cylinder function if it possesses 
the representation 

/(w) = (f>(uJljTl), . . . ,W£„(t„)), (6.1) 

with certain n S N, £i,...,£„, ti,...,t„, and a continuous </> : R" — > R. 
By K^^{n^) we denote the subset of K+{n^) consisting of cylinder functions. 
Suppose that the equality l|TTT|l holds for all / S K'^\n*). Then 

u)i{T)ii{duj) — / ujg{T) fl (du)), for all i,T,j. (6.2) 

For fixed £i, . . . , and ti, . . . , t„, let P and P be the projections of the measures 
/i and /2 on R". That is, each of P and P obeys 



(j){xi,. . . ,Xn)P{dx) < / (j}{xi, . . . ,Xn)P{dx), (6.3) 
R" JR" 

for all increasing (p. Let P be a probability measure on R^", such that 

P(da;) = [ P{dx,di), P(d.i) = [ P{dx,dx). 
Jr" Jr" 

Thus, P is a coupling of P and P. Of course, the above equalities do not 
determine P uniquely. By the Kantorovich-Rubinstein duality theorem, the 
Wasserstein distance, c.f. (|5.11(l . between the measures P and P which have 
first moments, can be defined as follows, see |28j . 

P(P,P) = inf/ \x -S;\P {dx,dx), (6.4) 

where infimum is taken over all couplings of P and P. It is a metric, and the 
convergence of a sequence of measures in this metric is equivalent to its weak 
convergence combined with the convergence of the first moments. Consider 

M = {{x,x) e R^" I Xi < x^, for alH = 1, . . . ,n}. 

This set is closed in R^". Then from (|6.3|l by Strassen's theorem, see page 129 
of 103], it follows that there exists a coupling P* such that 

P, (M) = 1. (6.5) 
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Thereby, 



R{P,P) < 



L 



M 



\x — x\P.^,{dx, dx) 



< 




y / {xi - Xi)P^{dx,dx) 



n 



L 



X, P(dx) ~ P{dx) = 0. 



The latter equahty follows from Hfi.2(l . Since the subset of Cb(/?*) consisting of 
all cylinder functions ^.\\ is a defining class for 7^(1?*), the equality of all the 
projections of [i and /I yields = 

Observe that for (|6.3|) to hold, it was enough to have n < fL, c.f., (|3.1U|) . 
Thus, we have one more important fact arising from the proof of the above 
lemma. 

Corollary 6.1 If for any ii, fl (z G*' , such that /i < fl, all their first moments 
coincide, i.e., 16.'^) holds, then — ft. 

Remark 6.2 For every i, te(Lu) < ti{Co) if lo <Cj. This means that the trans- 
formation 9i defined in \2. 6b]) is order preserving. 

Proof of Theorem 13. 8t In establishing the existence of the elements /i± the 
main point was to prove Lemma l3.fcil Thereby, the existence of /i± can be proven 
by literal repetition of the arguments used in |17| for proving Theorem IV. 3. 
They are unique by definition. Indeed, for two maximal elements, say /i+ and 

one would have /z+ < and /i+ < /i+ at the same time. Thus, /i+ = 
The proof of the extremeness (respectively, the symmetry properties) of /i± can 
be done by following the proof of Proposition V.l (respectively. Proposition V.3) 
in |17| . Some additional properties of will be described in the subsequent 
section. □ 

The result just proven and CoroUarv 16 . II vield the following 
Lemma 6.3 Suppose that, for all i, 



Then is a singleton. If the model is symmetric, then iff. 6)) turns into the 
condition 



6.2 Existence of the pressure 

Given R> and A d L, let d^A be the set of aU £ e A'', such that dist(£. A) < 
R. Then for a van Hove sequence £ and any R> 0, one has lim^ |9jt;A|/|A| = 0, 



(6.6) 



yielding 




(6.7) 
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The existence of van Hove sequences means the amenabihty of the graph (li,E), 
E being the set of all pairs i' , such that \i — i'\ = 1. For nonamenable graphs, 
phase transitions with h are possible; hence, statements like Theorem l3.14l 
do not hold, see 031 ES] • 

Let us prove first the existence of the pressure corresponding to the zero 
boundary conditions. 

Lemma 6.4 For every ft, G R, the limiting pressure p{h) = linicPA{h) exists 
for every van Hove sequence C. It is independent of the particular choice of C 

Proof: For i > 0, ^ e and A C A, let w^L^ >a,a(0 be defined by 1^7^ 
with the potentials Ve = V having the form ((3.36(1 . Then we define 

/a,aW = ^log^A,AW, t>0. (6.8) 
This function is differentiable and 

5a,a(0 /a,aW = 2n\T 51 •^«'^a,a[('^^^'?')l2] (6.9) 

' ' £eA/'GA\A 

Here we used that zu^j^^^Kcoe, i^e')L^ ] > 0, which follows from the GKS inequality 
((7.4(1 . The function ^a.a is also differentiable and 

5a,aW > 0, (6.f0) 
which may be proven similarly by means of the GKS inequality 1(7.5(1 . Therefore, 

/a,a(0)</a,a(1)<5a,a(1)- (6.11) 

Now we take here A = A and obtain that pA is a convex function of h. Further- 
more, by 1(4.15(1 . for any a G I, 

logr{,},{,}(0) < pA{h) < JoC^0)/2. (6.12) 

By the translation invariance the lower bound in 1(6.12(1 is independent of £. 
Therefore, the set {pA(^)}AgL has accumulation points. For one of them, p{h), 
let {r„}„gN be the sequence of parallelepipeds such that pr„{h) p{h) as 
n +0O. Let also £ be a van Hove sequence. Given n G N and A e £, let 
£~(A) c 6(r„) (respectively, £+(A) c ©(r„)) consist of the translates of r„ 
which are contained in A (respectively, which have non-void intersections with 
A). Let also 

A±= U r. (6.13) 
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Now we take in first A = A~, then A = A, A = A+ and obtain by (|OT|) 
^-^Pj,-ih)<p^{h) < ^-^P^^ih). (6.14) 
Let us estimate {h)—pr„ (h). To this end we introduce for t >Q, c.f., (|7.24() . 



X^-{t) ^ I expii^ ^ Ju>{uji,ujt)Ll (6.15) 
r,r'G£-, r#r' Ferrer- 

^ I" [/.^.(r) - «(N(r)]2)] dr i Xa- (dc.), 



and 



Tlien 



/A-W--;^log^A-W. (6.16) 



/a-(1) =Pa- (M, /a,t(0) = ^ E Pr(/i) =Pr„(M- (6.17) 

Observe that pr{h) — pr„{h) for all F G ©(r„), which follows from the transla- 
tion invariance of the model. Thereby, 

< PA-W-Pr„(/i)</;-(l) (6.18) 
- TX~\ E E E ^«"^A- ((^£,Wr)L^|0 

< i(r„)qo^o), 

where we used the estimate (I4.15|) and set 

i(r„) = ^ E E •^«' = mE E foi" ^^e^T r G 6(r„). (6.19) 

' ^er„ ^'er^ ' ' £er e'er" 

In deriving (|6.18|) we took into account that the function H6.16|l has positive 
first and second derivatives, c.f., (|6.9|l and (|6.10() . By literal repetition one 
proves that both estimates from H6.18|l hold also for (h) — pr„ (h). In view of 
(jHTjl the above J(r„) may be made arbitrarily small by taking big enough r„. 
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Thereby, for any e > 0, one can choose n G N such that the following estimates 
hold (recall that pr„ — » p as n ^ +oo) 

br„ (h) - pih) I < e/3, < Pj,- (h) - pr„ (h) < (h) - pr„ (h) < e/3. (6.20) 

As £ is a van Hove sequence, one can pick up A e £ such that 

max I - p^.Jh); (^1 - ^) p^.(/.)| < e/3, 

which is possible in view of Ht).12|l . Then for the chosen n and A e £, one has 

\pA{h)~p{h)\ < \p^Jh)-p{h)\+p^+{h)-prAh) 
+ niax { - l) PAtih); (l - ^) Pa+(/^)} < 

which obviously holds also for all A' E C such that A C A'.B 

Proof of Theorem I3.10t The proof will be done if we show that, for every 
H (z and any van Hove sequence C, 

limp^(ft.) =p{h). 
By the Jensen inequality one obtains for ti,t2 G R, ^ G 



ZAiih +t2)0 > 2'A(ii^)exp <t2 ^ Jw'TTA (w£,C£')l| 



We set here first ti — 0, t2 — I, then = —t2 = 1, and obtain after taking 
logarithm and dividing by |A| 



PA{h) 



1 



^ Ju'TTA (w£,Cr)L||0 <pa(/i,0 



(6.21) 



<Pa(^) + T^ ^ JW'TTA (W£,w^')i2|^ 



where we used that tt\ 



TTA 



(wf,C£')L2|C , see (ESnj. Thereby, 



we integrate ()6.21(l with respect to /i G tj', take into account l|2.63(l . and obtain 
after some calculations the following 

^'aW - ^ ^ Ju'^A{\u;i\Li\0)fi{\ii'\Lf,) <p1 (6.22) 



^eA/'eA<: 



££A,£'eA'= 
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By means of Theorein|^| (respectively, Leinma^3J, one estimates fi y{uJi, '-^e')Lf^ 

fj, ^I^Cf |l2 ^ (respectively, tt\{\uji\i^2^ |0)) by positive constants independent of £, £'. 
Thereby, the property stated follows from H6.7(l and Lemma [6.41 □ 
Proof of Corollary ISmi By (jXT^ . 

^Pa(^,0 = TTT XI / 7rA(Wf(T)|^)dT. 

Then, for every ^ £ and A (e L, one has 

I^PaW = l^-^iPlih,0)f^m (6.23) 
= mE r / ^AN(T)|^]M(dOdT 

1 f'^ 

By Theorem IXTUl it follows that 

Both extreme measures fi± are translation and shift invariant. Then combining 
H6.24|l and H6.23|l one obtains /i+((jjf(0)) = /i_(a)£(0)) for any h ^ 0. By Lemma 
16. 31 this gives the proof. □ 

7 Proof of Theorems IXT^ and 

We prove these theorem by comparing the model considered with a certain 
model, for which the property desired is being proven directly. The comparison 
is based on correlation inequalities, which we present in the next subsections. 
They were proven in the framework of the lattice approximation technique, 
analogous to that of Euclidean quantum fields |79) . 

Recall that Theorems 13 . 1 21 - [3 . 14l describe the model with h' ~ 1 and Jw > 0, 
which will tacitely be assumed in the statements below. 

7.1 Correlation inequalities 

We begin with the FKG inequality. Theorem 6.1 in 4 . Recall that the family 
of functions i^+(J7) and K'^^{n) were introduced in H3.10|l and in the proof of 
Lemma 13.61 

Proposition 7.1 For a^/ A d L, ^ e J?* and any f,g£ K^{Q), it follows that 
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This inequality holds also for any continuous increasing functions, for which the 
corresponding integrals exist. This yields in particular that for all such functions, 

C<e vrA(/|0 < ^A(/ia- (7.2) 

Next, there follow the GKS inequalities, Theorem 6.2 in 

Proposition 7.2 Let the anharmonic potentials have the form 

V({x) = vi{x'^) - hix, hi>0 for all leL, (7.3) 

with vi being continuous. Let also the continuous functions /i, . . . , /„+,„ : R — > 
R he polynomially hounded and such that every fi is either an odd increasing 
function on R or an even positive function, increasing on [0, +c»). Then the 
following inequalities hold for all ti, . . . , Tn+m G [Oj /?] , and all ii, . . . , £n+m G A, 

IjlM^eM))] (MO) > 0; (7.4) 



TTA (dw|0) (7.5) 



// n \ / n+m \ 

n/^('^^^(^^)) • n McoiAn))) 
\i=l / \i=n+l / 

// n \ „ / n+m \ 

n f^M^^)) (d^io) ■ / n /^(^^.(^o) 
\i=l / ^ \i=n+l / 



TTA (dw|0) . 



Given G i?', A (e L, and l,t' , t,t' e [0,/3], the pair correlation function is 

KUr,r'\0 - / Mr)^Ar> AidivIO (7.6) 
w^(T)7rA(da;|^) • / tj^'(T')7rA(dcj|^). 



Then, by (TT^ . 

ifi','(r,T'|O>0, (7.7) 

which holds for all t,t', and ^ e The following result is a version of 
the estimate (12.129), page 254 of which for the Euclidean Gibbs measures 
may be proven by means of the lattice approximation. 

Proposition 7.3 Let Vi he of the form i7.S\) with hi — and the functions 
heing convex. Then for all £, £' , r, r' and for any ^ S /2* such that ^ > 0, it 
follows that 

Kti,{T,r'\O<K^i,{T,T'\0). (7.8) 

Let us consider 



^^i^2^3^4(^i'^2,T3,T4) = / uJe,{Ti)LJi^{T2)uJe^{T3)uje,{Ti)7rA{duj\0) (7.9) 

-Kl,jT,,T,\0)K^^i^{T3,T,\0) - <,3(Tl,T3|0)Xi^,,,(r2,r4|0) 
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which is the Ursell function for the measure 7rA(-|0). The next statement gives 
the Gaussian domination and Lebowitz inequaUties, see 

Proposition 7.4 Let Vi he of the form \7J^ with he = and the functions 
being convex. Then for all n N , ii, . . . ,^2™ G A (e L, ri, . . . ,T2n G [0,/3], it 
follows that 

UJei{Tl)uJi^{T2) ■ ■ • W/;2„(T2„)7rA(dw|0) 




(T-^(2j-i))wf<,(2,)(T^(2j))7rA(dw|0), (7.10) 



where the sum runs through the set of all partitions o/{l, . . . , 2n} onto unordered 
pairs. In particular, 

UtwM^^^'^3,n)<0. (7.11) 
7.2 More on extreme elements 

Here we continue to study the properties of the existence of which was 
estabhshed in Theorem 13.81 In particular, we give an exphcit construction of 
these measures. 

For lo and 6 > 0, let ^ = {£.i)eGL, be the following constant (with respect to 
T G Sjs) configuration 

UT) = [b\og{l + \£-io\)]'/'. (7.12) 

Fix cr G (0,1 /2) and b obeying the condition b > d/Xa- (see the proof of Theorem 
\'6.3\i . In view of H2.39|) . ^ belongs to It also belongs to S{£q, b, a) and for all 
£, g S{b, a), one finds A (s L such that £.^/\t) < i^/^r) for all r, j and £ S 
Therefore, for any cofinal sequence C and ^ £ S{b,a), one finds A £ £ such that 
for all A G A C A, one has 7rA(-|^) < 7rA(-|^), see (|7.2|l . As was established 
in the proof of Theorem 13. II every sequence {7rA(-|^)}Ae£, £, S ^{b, cr) C is 
relatively compact in any Wq, a £T, which by Lemmas 14.41 14.51 vields its W'- 
relative compactness. For a cofinal sequence £, let fi be any of the accumulating 
points of {7rA(-|0}Ae£- By Lemma l^.lll u £ and by Lemma dominates 
every element of ex(t/'). Hence, fx ^ 11+ since the maximal element is unique. 
The same is true for the remaining accumulation points of {7rA(-|0}Ae£; thus, 
for every cofinal sequence C and for every £q, we have 

lim7rA(-|±C) = M±- (7.13) 

Remark 7.5 As the configuration \7.1iJjj is constant with respect to t £ Sp, 
the kernel 7rA(-|^) may be considered as the one 7rA(-|0) corresponding to the 
Hamiltonian with the external field ^, that is, 

HA-Y,{q,,it). (7.14) 

£eA 



7 PROOF OF THEOREMS ?? AND ?? 



43 



7.3 Reference models 

We shall prove Theorems 13 . 1 21 13 . 1 HI bv comparing our model with two reference 
models, defined as follows. Let J and V be the same as in H3.19II and H3.2()|l 
respectively. For A (g L = Z'^, we set (c.f., (|2.2|l 'l 

^a" - t^^' + ■'^(^^)] -^Y. J^u'xexi,, xi G R, (7.15) 

£eA ^,^'gA 

where H^^'^ is given by H2.22I) and eui = 1 if |£ — £'| = 1 and eui = otherwise. 
The second reference model is defined on an arbitrary L satisfying (j2.1|l . For 
A (E L, we set 

£eA f.,t£A eeA i,i'£A 

(7.16) 

where is defined by (|3.31|) and the interaction intensities Jw are the same as 
in H2.2|l . Since both these models are particular cases of the model we consider, 
their sets of Euclidean Gibbs measures have the properties established by The- 
orems By A*±™i A^if denote the corresponding extreme elements. 



Remark 7.6 The anharmonic potentials of both reference models have the form 
jy.g| ) with the zero external field hi = and the functions Vi being convex. 
Hence, they obey the conditions of all the statements of subsection \7.1\ The low- 
reference model is translation invariant. The up-reference model is translation 
invariant if h is a lattice and Ju' are translation invariant. 

In the statements below the comparison with the /ow-reference model relates to 
the case of L = Z''. 

Lemma 7.7 For every £, it follows that 

i^TiMo)) < i^+iMo)) < liTiMo))- (7-17) 

Proof: By ()7.13() we have that for any C, 

/ uJi{T)fj,±{dLu) = lim / uj£{T)'KA{duj\ ± for all r. (7.18) 
Jn ^ Jn 

Thus, the proof will be done if we show that for all A (e L and ^ e A, 

(^£(o)ii) < MMm) < K^iMom- (7.19) 
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First we prove the left-hand inequality in (|7.19|) . For given A d L and t, s G 
[0, 1], we introduce 



-tY, f mMr)) - V{uj,{t))] dr] XA(dc^A), 

fGA-^O / 

where, see (j7.12|l . 

^.'"^W '= E -^^"'^^'W (7-21) 

£'eA<= 

+ s ^ [Ju, - Je«']CV(T) > ^ Jeu'ie'ir) > 0, 
which in fact is independent of r, and 

Y{t,s) = exp i ^ Je«/(u;£,w^/)i2 + ^(w^, ?y^''''*)L2 



Since the site-dependent 'external field' H7.21|l is positive, the moments of the 
measure ()7.20f) obey the GKS inequalities. Therefore, for any € e A, the function 

cj>{t,s)=w^^''\u;,{0)), i,5e[0,l], (7.22) 
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is continuous and increasing in both variables. Indeed, taking into account 
ijTT^ . (E2n|), and we get 



?'eA 

/3 



_9 

9i 



«i/2eA 

- ro^*'"^ [w£(0)] • tu^*^''' (w£i,W£ji2 I > 0, 



'eA 



[V^(u;,,(T))-l/,,(a>,,(T))]}dT>0. 



But by ifT?^ and (TT^ 

,/>(0,0) =^^(^^^(0)), 0(1,1) =^a(^^(0)), 

which proves the left-hand inequality in (|7.19(l . To prove the right-hand one 
we have to take the measure H7.2Q|I with s ~ \ and v{x\) instead of V{xi) and 
repeat the above steps taking into account l|3.3U|l . ■ 

In the next statement we summarize the properties of the reference models. 



Corollary 7.8 (Comparison Criterion) The model considered undergoes a 
phase transition if the low-reference model does so. The uniqueness of tempered 
Euclidean Gibbs measures of the xvp-reference model implies that \Q^\ ~ 1. 

Proof: The proof follows immediately from H7.17|l and Lemma 1^31 ■ 

7.4 Estimates for pair correlation functions 

For A C A, ^, f e A, r, r' e [0, /3], and t e [0, 1], we set 



Q^,,(T,T'|A,t)= / c^,(T)c^,,(T')wf^(dc^A), 



(7.23) 
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where this time we have denoted 



^A, A(d^A) = Y ^ (t) '^^P 1 \ X! •^^i^2(^^i,Wf2)L^ (7-24) 

-Y] / Vt{u)i{T))dT\ XAiduJA), 
^^'^ [ ^i,^2eA\A 

yiGA^aGAVA ^i,«2eA 

rT/,(w,(r))dTlxA(dc^A). 
£eA-^" J 

By Hteral repetition of the arguments used for proving Lemma |7. 71 one proves 
the following 

Proposition 7.9 The above Q^^, (r, T'|A,t) is an increasing continuous func- 
tion of t £ [0, 1] . 

Corollary 7.10 Let the conditions of Proposition \ 1. S\ be satisfied. Then for 
any pair A C A' ^ L and for all r and I, the functions j7.ij| ) obey the estimate 

K^Ar,r'\0)<K^Ur,T'\0), (7.25) 
which holds for all £,£' E A and r, r' E [0, /3] . 

Now we obtain bounds for the correlation functions of the reference models for 
a one-point A = {£}. Set 

if7(T,T') - 7r7(c.,(T)^,(T')|0), K'riT,T') = (c., (t)c., (t') |0) , (7.26) 

We recall that the parameter A was defined by ()3.32f) . 

Lemma 7.11 For every (3, it follows that 

^up dcf /■''^up(^^/)dr < l/mZ\2. (7.27) 

-'0 
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Proof: In view of (|2.15|) the above integral in independent of t. By (|2.14l) and 

K^P = i r trace {xge-^"' XfC-^^-^^^'} dr, Ze = trace[e-''^'], (7.28) 
Z£ Jo ^ J 

where the Hamiltonian H was defined in H3.31|l . Its spectrum {En}ne'N deter- 
mines by (|3.32l) the parameter A. Integrating in (|7.28|l we get 

run'GNo, n^n' {En - En' ) 

^ E \{i'n,X,,Pn')L^iTi.)\\En-En'){e~P''-' -e-f"^-) 

- i-^trace{[.,,[iI,,.,]]e-^-^} = ^, (7.29) 

where ipm n Cz Nq are the eigenfunctions of Hi and [•, •] stands for commutator. 
■ For the functions if]."^, a representation hke (|7.28() is obtained by means of 
the foUowing Hamiltonian 

Hi = ijhar + vixi) ^ -1- (^)' + ^4 + V{xi), (7.30) 
where m and a are the same as in (|3.31ll but V is given by H3.20|l . Thereby, 
X]°*(0,0) = trace[x^exp(-/3i?^)]/trace[exp(-/3i?f)] q{xI). (7.31) 



Lemma 7.12 Let U be the solution of 1MB- Then Kl°'^{0,0) > t^. 
Proof: By Bogoliubov's inequality (see e.g., (HJ), it follows that 

which by (ESOl, (!^^ yields 

r 

a + 25(i) +^2s(2s- l)6("'e 

r 

= a + 2fe(i) + 2s{2s - 1)6(''V, 
Now we use the Gaussian domination inequality H7.10|l and obtain Kf"" > t*. 



2(s-l) 



(^^(0)) 



2(s-l) 



> 0. 
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7.5 Periodic states and proof of Theorem 13.121 

In view of Corollary 17.81 to prove Theorem 13 . 1 21 we show that 

fi'riMO)) > 0, (7.32) 

if the conditions of Theorem 13.121 are satisfied. To this end we employ the 
translation invariance and reflection positivity of the Zow-reference model. With 
this connection we construct periodic Euclidean Gibbs states by introducing 
(c.f., (E3I1)) 

= E 4A^i,u^i')Ll+J2 fvMr))dr, (7.33) 

where 

A= i-L^Lff]!., LeN, (7.34) 
and efg, = lif|^ — ^'|a = 1 and e^, = otherwise. Here 

\£j-1'j\l = min{\£j-£'^\;L-\i,-e'^\}, j = 

Clearly, /^""^ is invariant with respect to the translations of the torus which 
one obtains by identifying the opposite walls of the box H7.34|l . The energy 
functional /p*"^ corresponds to the following periodic Hamiltonian 

Hr - E [^'" + ^(^^)] - ^ E (7.35) 

in the same sense as Ja given by H2.31|l corresponds to Ha given by Now 
we introduce the periodic kernels (c.f., (|2.55(l 'l 

Trr^ldw) = -^exp[-/]J°''(tJA)]XA(dcJA) Y[ '^(d^^)' (7-36) 



A 



«eA<= 



where S is the Dirac measure concentrated at toe = and 



^a" = / exp[-/^"'(t^A)]XA(dwA). 

Thereby, for every box A, the above tt^"' is a probability measure on i?*. By 
-Cbox we denote the sequence of boxes (|7.34() indexed by i £ N. For a given 
a E T, let us choose i), m: > such that the estimate H4.13|l holds. 

Lemma 7.13 For every box A, a G 2. and a G (0, 1/2), the measure tt^"'^ obeys 
the estimate 

I \\Lo\\l^,i,l'\Au) < (7.37) 
Thereby, the sequence {'^^^}AeC]^a^ -relatively compact. 
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Proof: For £ £ A such that {£' £ L \ \e - £'] = 1} c A, we set = L \ {£}. 
Then let i^^ be the projection of tt'^'^ onto S(J?Af)- Let also I'li'lOj C ^ ^ be 
the following probability measure on the single-spin space = 



(7.38) 

Then (c.f, H2.57|l ) desintegrating tt^"'^ we get 

7r]("(dtj) = t'<>(dwf |tJAf)t'i^(dwAj- (7.39) 
Like in Lemma [4. II and Corollary 14 . 21 one proves that the measure t'£(-|C) obeys 

/ exp |Acr|t^^|cg + ^[^^1^2 1 lyejdujeluJAi) < exp < £«>|a;^/|^2 >, 

where X^, x, and i9 are as in 14.1|l . (|4.4|) . Now we integrate both sides of this 
inequality with respect to i^^ and get, c.f , (|4.12() . 14.13|l 

nP°''(A) =^ logj^ exp[A^|cjf|^. +><|cjf||2]7r]("(d'^)| < ^^21 

Then the estimate (|7.37|l is obtained in the same way as H4.16|l was proven. 
The relative Wa-compactness of {T^^'^}AeCj,^^ follows from l|7.37|l and the com- 
pactness of the embeddings J?Q,cr ^ ^a', ct < a'. The W'-compactness is a 
consequence of by Lemma 14.51 I 

Lemma 7.14 Every -accumulation point fJ"^"^ of the sequence {7rJ("}Ae£per 
is a Euclidean Gibbs measure of the low-reference model. 

Proof: Let C C £pcr be the subsequence along which {TT^^}AeC converges to 
^poi- g p(/2*). Then {i'^}Ae£ converges to the projection of ^p°'' on B{n^g). 
Employing the Feller property fLemma l2.8|l we pass in H7.39|l to the limit along 
this C and apply both its sides to a function / € Cb (/?*). This yields that 
11^°'^ has the same one-point conditional distributions as the Euclidean Gibbs 
measures of the reference model. But according to Theorem 1.33 of [3^1 , page 
23, every Gibbs measure is uniquely defined by its conditional distributions 
corresponding to one-point sets A — {£} only. ■ Now we are at a position to 
prove that H7.32(l holds if /3 > /3». Given a box A, we introduce 



'{du). (7.40) 



For any £, one can take the box A such that the Euclidean distance from this £ 
to A"^ be greater than 1. Then by CoroUarv 17. 1 01 and Lemma [7. 1 21 one gets 

MO)fnr\du;) > K'nO, 0) > t,. (7.41) 
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The infrared estimates based on the reflection positivity of the Zow-reference 
model, together with the Bruch-Falk inequahty^ and the estimate (17.41(1 . lead 
to the following bound 

Pa{P) > Uf{p/AmU) - ea/2pj, (7.42) 

which holds for any box A. By means of the Griffiths theorem, see [21], Theorem 
1.1 and the corollaries, one can prove that 

/iP"(^£(0)) > limsup ^Pk{I3). (7.43) 

Therefore, the estimate ()7.32(l holds if the right-hand side of ((7.43(1 is positive, 
which can be ensured by taking /3 > see ((3.26(1 and ((3.27(1 . ((3.28() . 



7.6 Proof of Theorem lO^ 

Now we make precise the parameter 5 participating in the condition ((2.41(1 . In 
what follows, we set 5 — mA^, where the parameter A was defined by ((3.32(1 . 
Then 

Jo < < mZ\2. (7.44) 

Let us consider the examples following Assumption (B). If J«/ obeys (12.42(1 . the 
values of a in question exist in view of 

lim Ja = Jq, (7.45) 

which readily follows from ((2.42() , ((2.43(1 . If the weights are chosen as in ((2.45(1 , 
one can use e to ensure ((7.44(1 . Indeed, simple calculations yield 

< Ji''> ~ Jo < eadJi^\ 

where to indicate the dependence of Ja on s we write Ja K Thereby, we fix 
a £l and choose e to obey e < mA^ / adj'^\ 

Now let us turn to the proof of Theorem l3.13l By Corollarv l7.8l it is enough 
to prove the uniqueness for the up-reference model, which by Lemma 16.31 is 
equivalent to 

^^(^^(O)) 0, foraU /? > and £. (7.46) 

Given A (e L, we introduce the matrix (T£')/)£.£'eL as follows. We set T^"), = if 
either of I, f belongs to A^ For t, f e A, 

Tti' - E r7rXPK(r)c..'(r')|0]dr'. (7.47) 
By ((2.15(1 the above integral is independent of r. 

*See Theorem VI.7.5, page 392 of ^ or Theorem 3.1 in |22] 
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Lemma 7.15 // ^^^^ is satisfied, there exists a £ T, such that for every 
A g L, the matrix {T^,)g^ir^i, defines a bounded operator in the Banach space 

Proof: The proof will be based on a generalization of the method used in |S] 
for proving Lemma 4.7. For t e [0,1], let tu^*^ e Vi^A)) be defined by ifT?^ 
with A = A and each ViiujiiT)) replaced by v{[uji{t)]'^), where v is the same as 
in (|iOT| . Then by (fTT^ 

^ = n ^''(■10)' = ^''(•lO), for any A ^ L. (7.48) 

Thereby, we set 

Tu' it) = Jui / ir)u;i, (r')] dr' i G [0, 1] . (7.49) 

One can show that for every fixed £, £' , the above T^,{t) is differentiable on the 
interval t £ (0,1) and continuous at its endpoints where (see H7.27(l ) 

T,'),(0) = J„,if7 < Jee^/mA', T^,,{1) = T,'),. (7.50) 

Computing the derivative we get 

+ 5:T4(i)r,'^,,(t), 

where C/^^,^^^^ (t, t, t', ri, ti) is the Ursell function which obeys the estimate 
H7.11|l since the function v is convex. Hence, except for the trivial case Jw = 0, 
the first term in H7.51() is strictly negative. Let us consider the following Cauchy 
problem 

^^Lu\t) = Y,Lu,(t)U,i.{t), L„,{0) = XJw, e,e'€L, (7.52) 

where A G (l/mZ\^, 1/ Jq), with a £ I chosen to obey (I7.44|l . For such a, one 
can solve the problem H7.52|l in the space l°°{wa) (see Remark l2.4|l and obtain 

L{t) = \J [I - \tJ]-\ ||£(t)|L^(^,) < . . (7.53) 

where / is the identity operator. Now let us compare H7.51|l and H7.52|l con- 
sidering the former expression as a differential equation subject to the initial 
condition (|7.50l) . Since the first term in H7.51|l is negative, one can apply Theo- 
rem V, page 65 of ,88, and obtain T^, < Lu'{^), which in view of H7.53|l yields 
the proof. ■ 
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Proof of Theorem 13.131 For £,£„, A<sL, such that i e A, and t e [0, 1], we 

set 

Mt) - / MOX^iMt^'"), (7.54) 

where is the same as in ()7.12(l . The function ipA is obviously difFerentiable 
on the interval t € (—1, 1) and continuous at its endpoints. Then 

< ^a(I) < sup ^P'^it). (7.55) 

t6[0,l] 

The derivative is 

^aW= E -^uJ 7rXPK(0)c^fe(T)|i^^"]77,,dT, (7.56) 

1 /2 

where the 'external field' rjgi — [61og(l + \£' — £o\)] is positive at each site. 
Thus, we may use ()7.8|l and obtain 

Ait) < J2 TiUi'- (7.57) 

By Assumption (B) (b), rj e l°^{wa) with any a > 0, then employing Lemma 
17.151 the estimate (|7.53|l in particular, we conclude that the right-hand side of 
l(737jl tends to zero as A /* L, which by H7.18|l and H7.54|l . (|7.55|) yields (|7.4t)|) . 
□ 



8 Uniqueness at Nonzero External Field 

In statistical mechanics phase transitions may be associated with nonanalyticity 
of thermodynamic characteristics considered as functions of the external field 
h. In special cases one can oversee at which values of h this nonanaliticity 
can occur. The Lee- Yang theorem states that the only such value is h — 0; 
hence, no phase transitions can occur at nonzero h. In the theory of classical 
lattice models these arguments were applied in |^ |^ • We refer also to 
sections 4.5, 4.6 in |37] and sections IX. 3 - IX. 5 in [75] where applications of 
such arguments in quantum field theory and classical statistical mechanics are 
discussed. 

In the case of lattice models with the single-spin space R the validity of 
the Lee- Yang theorem depends on the properties of the anharmonic potentials. 
For the polynomials V{x) = x"^ + ax^, a € R, the Lee- Yang theorem holds, see 
e.g.. Theorem IX. 15 on page 342 in [75]. But no other examples of this kind 
were known, see the discussion on page 71 in |37| . Below we give a sufficient 
condition for the potentials V to have the corresponding property and discuss 
some examples. Here we use the family J^Lagucrrc defined by H3.35I) . We also 
prove a number of lemmas, which allow us to apply the arguments based on the 
Lee- Yang theorem to our quantum model and hence to prove Theorem 13. 141 

Recall that the elements of .7-Lagucrrc can be continued to entire functions 
; C — > C, which have no zeros outside of (— oo, 0]. 
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Definition 8.1 A probability measure v on the real line is said to have the 
Lee- Yang property if there exists (p G .^Lagucrrc such that 

exp{xy)i^{dy) = (p{x'^). 



R 

In [22], see also Theorem 2.3 in 56 , the foUowing fact was proven. 

Proposition 8.2 Let the function m : R — > R 6e such that for a certain b > 0, 
its derivative obeys the condition b+u' € J-'h&guerre- Then the probability measure 

:.(dy)=Cexp[-u(y2)]dy, (8.1) 

has the Lee- Yang property. 

This statement gives a sufficient condition, the laclc of which was mentioned 
on page 71 of |37| . The example of a polynomial given there for which the 
corresponding classical models undergo phase transitions at nonzero h, in our 
notations is u{t) = t^ — 2t^ + (a + l)t, a > 0. It certainly does not meet the 
condition of Proposition 18. 21 Turning to the model described by Theorem 13. 141 
we note that, for v{t) ^ t^ + b^'^h'^ + b^'^h, the function u{t) = v{t) + at/2 obeys 
the conditions of PropositionlOif and only if fe^^) > q and +a/2 < [b^^^'^/3. 
Therefore, according to Theorem 13 . 1 41 we have \G^\ = 1 at h ^ and 2b^-^'' + a < 
0, 6^^^ > 0. On the other hand, for this model, by Theorem 13 . 1 21 one has a phase 
transition at ft, = and the same coefficients of v. 
Set 



f{h') = / exp 

JR" 



J|i^(da;^), heR. (8.2) 



1=1 ij = l 

By Theorem 3.2 of [HHIj we have the following 

Proposition 8.3 // in ifi^.i^)) A/y > for all i, j — 1, . . . ,n, and the measure v 
is as in Provosition \8.'A then the function f , if exists, belongs to .^LaguciTc- It 
certainly exists if u' is not constant. 

Now let the potential V obey the conditions of Theorem 13. 141 Recall that p\{h) 
stands for the pressure H3.13(l with ^ = 0. Define 

ipAih^)^PAih), fteR. (8.3) 



Lemma 8.4 IfV obeys the conditions of Theorem \3.14\ the function e'xp {\A\ipA) 

belongs to JFLagucrre- 

Proof: With the help of the lattice approximation technique the function 
exp(|A|(^A) may be approximated by /at, N £ N, having the form 18.2|1 with 
the measures v having of the form H8.1|l with u{t) = v{t) + at/2, v is as in 
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H3.36|l . and non-negative (see Theorem 5.2 in 0]). For every /i e R, 
fwih"^) exp (|A|</?a(/i^)) as iV — > +00. The entire functions /at are ridge, 
with the ridge being [0, +00). For sequences of such functions, their point- wise 
convergence on the ridge impUes via the Vitah theorem (see e.g., [ZH]) the uni- 
form convergence on compact subsets of C, which yields the property stated 
(for more details, see |S31EZ1). ■ 

Proof of Theorem 13.141 By Lemma 18.41 for every A d L, pA{h) can be 
extended to a function of /i e C, holomorphic in the right and left open half- 
planes. By standard arguments, see e.g.. Lemma 39, page 34 of 53 , and Lemma 
16.41 it follows that the limit of such extensions p{h) is holomorphic in certain 
subsets of those half-planes containing the real line, except possibly for the point 
h — 0. Therefore, p{h) is differentiable at each h ^ 0. Then the proof of the 
theorem follows from Corollary 13. Ill □ 
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